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ON QUANTUM GROUPS ASSOCIATED TO A PAIR
OF PREREGULAR FORMS
ALEXANDRU CHIRVASITU, CHELSEA WALTON, AND XINGTING WANG
Abstract. We define the universal quantum group H that preserves a pair of Hopf comodule
maps, whose underlying vector space maps are preregular forms defined on dual vector spaces.
This generalizes the construction of Bichon and Dubois-Violette (2013), where the target of these
comodule maps are the ground field. We also recover the quantum groups introduced by Dubois-
Violette and Launer (1990), by Takeuchi (1990), by Artin, Schelter, and Tate (1991), and by
Mrozinski (2014), via our construction. As a consequence, we obtain an explicit presentation of a
universal quantum group that coacts simultaneously on a pair of N-Koszul Artin-Schelter regular
algebras with arbitrary quantum determinant.
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1. Introduction
Take k to be our base field and let an unadorned ⊗ denote ⊗k. All algebraic structures are over k.
Our motivation for this work is to determine when a Hopf algebra, that coacts universally on an N -
Koszul Artin-Schelter regular algebra A of dimension d ≥ 3, shares the same homological and ring-
theoretic behavior of the comodule algebra A. Recall that an Artin-Schelter (AS )-regular algebra
A of dimension d is a (noncommutative) homological analogue of a commutative polynomial ring;
it is, by definition, a connected N-graded algebra A that is AS-Gorenstein (has injective dimension
d <∞ on both sides with ExtiA(Ak,AA)
∼= ExtiA(kA, AA) = δi,d k), and has global dimension d on
both sides. We refer the reader to [5] for a discussion of N -Koszulity.
This study is a continuation of the last two authors’ work [30], where Hopf algebras that coact
universally on (N -Koszul) AS-regular algebras of dimension 2 were examined. Like in [30], here
we must consider a nice Hopf quotient of the universal quantum group that coacts on a higher
dimensional Artin-Schelter regular algebra to achieve our goal (cf. [30, Introduction (⋆⋆)]). For
instance, the universal quantum group that coacts on a commutative polynomial ring in two vari-
ables k[u, v] is too large to reflect the homological and ring-theoretic behavior of k[u, v] [23].1 To
remedy this issue, we consider the universal quantum group OA,A′ that coacts on simultaneously on
a pair of N -Koszul Artin-Schelter regular algebras A,A′ (Definition 6.17), which is a Hopf quotient
of each of Manin’s universal quantum groups OA of A and OA′ of A
′ [19] (Definition 5.32). (See [9,
Section 2.2] for a discussion of how one extends the definition of Manin’s universal quantum group
to the non-quadratic case.)
We proceed by considering Dubois-Violette’s framework of preregular forms (Definition 2.1)
[13, 14] to obtain a presentation of the universal quantum groups OA, OA′ , and OA,A′ , where
the coactions on A,A′ have arbitrary quantum determinant, or more precisely, arbitrary homo-
logical codeterminant (Definition 3.2). Namely, since A,A′ are N -Koszul AS-regular, the algebras
are realized as superpotential algebras (Definition 2.3) associated to preregular m-linear forms e, f,
respectively (Proposition 2.7). (In particular, these forms are also realized as duals of twisted
superpotentials in some sense.) See Section 2 for further details.
The reader may wish to refer to Notation 4.1 at this point. Now the universal quantum groups
of interest in this work are the following.
Theorem 1.1 (Definitions 5.1, 5.17, 6.1 and Propositions 5.8, 5.15, 5.23, 5.28, 6.6, 6.13). ,
Let e and f be preregular m-linear forms on n-dimensional vector spaces V , V ∗, respectively.
(a) Take H(e) (resp., H(f)) to be the universal Hopf algebra that preserves any right (resp.,
left) Hopf comodule map eˆ from V ⊗m (resp., fˆ from V ∗⊗m) to a one-dimensional comodule,
whose underlying vector space map is e (resp., is f). Then, H(e) (resp., H(f)) has a finite
presentation; in particular, its underlying k-algebra structure has 2n2 + 2 generators and
finitely many relations.
1There are fruitful representation-theoretic directions to pursue in this case; see, for example, recent work of
Raedschelders and van den Bergh [24].
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(b) Take H(e, f) to be the universal Hopf algebra that preserves any right Hopf comodule map
from V ⊗m to a one-dimensional comodule, and also the induced left Hopf comodule map
from V ∗⊗m to a one-dimensional comodule, whose underlying vector space maps are e and f,
respectively. Then, H(e, f) has a finite presentation; in particular, its underlying k-algebra
structure has n2 + 4 generators and finitely many relations.
We also provide a description of the quantum group in part (b) as a pushout of the quantum
groups in part (a); see Theorem 6.28.
Next, we consider coactions on pairs of N -Koszul AS-regular algebras. See Definition 6.15 for
the notion of a balanced simultaneous coaction on a pair of such algebras.
Theorem 1.2. Retain the notation of Theorem 1.1. Take N -Koszul Artin-Schelter algebras
A = A(e, N) and A′ = A(f, N) associated to preregular multilinear forms e and f that are gen-
erated as algebras by V ∗ and V , respectively. Then,
(a) [Proposition 5.31, Theorem 5.33] H(e) and H(f) coact universally on A and A′ from the left
and right, respectively, that is, OA = H(e) and OA′ = H(f) as Hopf algebras; and
(b) [Proposition 6.16(a), Theorem 6.18(a)] H(e, f) coacts universally on A and A′ from the left
and right in a balanced fashion, that is, OA,A′ = H(e, f) as Hopf algebras.
We recover several quantum groups in the literature as special cases of our Hopf algebra H(e, f),
including quantum groups of Artin, Schelter, and Tate [3], of Bichon and Dubois-Violette [7], of
Dubois-Violette and Launer [15], and of Takeuchi [29]. Naturally, the commutative Hopf algebra
O(GLn) also arises in our construction; this is discussed in Remark 7.21. See Section 7 for details.
In fact, H(e, f) is a multilinear version of Mrozinski’s GL(2)-like quantum group [21] for generic
e and f; in the generic case, we denote H by G(e, f) and obtain a GL(n)-like quantum group (using
Corollary 6.35 with Notation 6.33 in Definition 7.3).
We also obtain results similar to Theorem 1.2 for SL(n)-like quantum groups, which we denote
by S(e), S(f) and S(e, f) (Definitions 5.29 and 6.14); namely, see Definitions 5.32(b,d) and 6.17(b),
along with Proposition 6.16(b) and Theorems 5.33 and 6.18(b). These universal quantum groups
(under a compatibility condition for S(e, f)) are cosovereign due to Theorem 6.39 (cf. [6, Section 5]).
It means that there exists a monoidal natural isomorphism between the identity and the double
dual functor on the category of their finite-dimensional (right or left) modules. These SL(n)-like
quantum groups, it turns out, form a natural setting for defining and studying cyclic cohomology
[11, 12].
Returning to our original goal, we now have a candidate (namely, H(e, f)) for a universal quantum
group that reflects the behavior of the N -Koszul Artin-Schelter regular algebras upon which it
coacts. We provide results on:
• how to compute the homological codeterminants of the H(e)-coaction on A = A(e) and of
H(f)-coaction on A′ = A(f) (and thus of the H(e, f)-coactions on A, A′) (Theorem 3.3);
• when the homological codeterminants of the H(e, f)-coactions on both A and A′ are central
(Corollary 6.35(c)); and
• when the Hopf algebra H(e, f) is involutory (Corollary 6.12).
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The first result is a generalization of [8, Theorem 2.1], the d = 2 case. We also believe that there
is a connection between Jing-Zhang’s study of quantum hyperdeterminants [16] and the homological
codeterminants used in this work; this is worth further investigation.
Finally, by using H(e, f), we present new examples of universal quantum groups that coact on
centain N -Koszul Artin-Schelter regular algebras of global dimension d ≥ 3 in Section 8. In this
direction, connections between our work and the Lu¨-Mao-Zhang’s [18] study of finite-dimensional
Hopf actions of AS-regular algebras of dimension 3 is an avenue for future research.
2. Preregular forms, twisted superpotentials, and N-Koszulity
Let m ≥ N ≥ 2 be integers. Let Z be a finite-dimensional k-vector space and define the linear
map c : Z⊗m → Z⊗m by
c(z1 ⊗ z2 ⊗ · · · ⊗ zm−1 ⊗ zm) := zm ⊗ z1 ⊗ · · · ⊗ zm−2 ⊗ zm−1.
for any z1, . . . , zm ∈ Z.
Definition 2.1 (preregular form). We say that an m-linear form t : Z⊗m → k on Z is preregular
if it satisfies the following conditions.
(a) If t(z1, z2, . . . , zm) = 0 for any z2, . . . , zm ∈ Z, then z1 = 0.
(b) t is φ-cyclic for some φ ∈ GL(Z); that is
t(z1, . . . , zm−1, zm) =
(
t ◦ c ◦ (id⊗(m−1) ⊗ φ)
)
(z1 ⊗ · · · ⊗ zm−1 ⊗ zm)
= t (φ(zm), z1, . . . , zm−1)
for any z1, . . . , zm ∈ Z. In this case, we write t = (t, φ).
We say that t is cyclic if (b) holds for some φ.
The dual notion of a preregular form is a twisted superpotential, as defined in Mori-Smith [20].
Definition 2.2 (twisted superpotential). Take s ∈ Z⊗m and φ ∈ GL(Z). We call s a
(a) superpotential if c(s) = s;
(b) φ-twisted superpotential if (φ⊗ id⊗(m−1))c(s) = s; and
(c) twisted superpotential if it is a φ-twisted superpotential for some φ; here, we write s = (s, φ).
With the identification Z⊗m ∼= ((Z∗)⊗m)∗, we have that the set of φ-cyclic m-linear forms on
Z∗ corresponds bijectively to the set of φ-twisted superpotentials in Z⊗m, as will see in Lemma 2.4
below. Now consider the following algebra.
Definition 2.3 (superpotential algebra A(s, N)). Given a twisted superpotential s ∈ Z⊗m, the
superpotential algebra associated to s is
A(s, N) = TZ/∂m−N (ks),
where TZ is the tensor algebra on Z and ∂(ks) = {(ν ⊗ id⊗(m−1))(αs) | ν ∈ Z∗, α ∈ k} and
∂i+1(ks) = ∂(∂i(ks)) for all i ≥ 0. Observe that ∂m−N (ks) ⊆ Z⊗N .
We also define an algebra associated to a cyclic form by identifying it with a superpotential
algebra as we will see below. The following lemma is clear.
Lemma 2.4 (s∗, t∗). Take Z =
⊕n
i=1 kzi, an n-dimensional k-vector space. Then, the results below
hold.
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(a) Given a φ-twisted superpotential s ∈ Z⊗m, we have that s∗ ∈ ((Z∗)⊗m)∗ with s∗(z∗i1 , . . . , z
∗
im
)
equal to the coefficient of zi1 · · · zim in s is a φ-cyclic m-linear form (corresponding to s).
(b) Given a φ-cyclic m-linear form t ∈ ((Z∗)⊗m)∗, we have that t∗ ∈ Z⊗m given by
t∗ =
∑n
i1,...,im=1
t(z∗i1 , . . . , z
∗
im
)zi1 · · · zim is a φ-twisted superpotential (corresponding to t).
(c) We obtain that (s∗)∗ = s and (t∗)∗ = t.
(d) Given a φ-cyclic m-linear form t ∈ ((Z∗)⊗m)∗, let A(t, N) := TZ/∂m−N (kt∗), where the
relation space ∂m−N (kt∗) is generated by∑n
j1,...,jN=1
t(z∗i1 , . . . , z
∗
ir
, z∗j1 , . . . , z
∗
jN
, z∗k1 , . . . , z
∗
ks
)zj1 · · · zjN
for any fixed integers r, s satisfying r+ s = m−N and all i1, . . . , ir, k1, . . . , ks ∈ {1, . . . , n}.

The one-to-one correspondence between φ-cyclic forms and φ-twisted superpotentials stated in
lemma above actually descends to preregular forms through the following definition.
Definition 2.5 (preregular superpotential). We say that a φ-twisted superpotential s ∈ Z⊗m is
preregular if it satisfies one of the following equivalent conditions.
(a) s∗ is a φ-cyclic preregular form on Z∗.
(b) (ν ⊗ id⊗m−1)(s) = 0 for some ν ∈ Z∗ implies that ν = 0.
Let us collect some examples and properties of superpotential algebras (associated to preregular
superpotentials); more details about the following will be discussed in Remark 7.21 and Section 8.1.
Example 2.6. Take Z = kz1 ⊕ kz2 ⊕ kz3 with m = 3 and N = 2.
(a) We get A(s, 2) = k[z1, z2, z3], a commutative polynomial algebra, by taking
s = z1z2z3 + z2z3z1 + z3z1z2 − z1z3z2 − z3z2z1 − z2z1z3,
as (z∗i ⊗ id⊗ id)(s) = zi+1zi+2− zi+2zi+1, for i = 1, 2, 3 with indices taken modulo 3. In this
case s∗ : Z∗⊗3 → k is given by
s∗(z∗i1 , z
∗
i2
, z∗i3) =

1 for (i1, i2, i3) = (1, 2, 3), (2, 3, 1), (3, 1, 2)
−1 for (i1, i2, i3) = (1, 3, 2), (3, 2, 1), (2, 1, 3)
0 otherwise.
(b) We get A(sabc, 2) = Skly3(a, b, c), a three-dimensional Sklyanin algebra, by taking
sabc = a(z1z2z3 + z2z3z1 + z3z1z2) + b(z1z3z2 + z3z2z1 + z2z1z3) + c(z
3
1 + z
3
2 + z
3
3)
for [a : b : c] ∈ P2k with abc 6= 0 and (3abc)
3 6= (a3 + b3 + c3)3, since
(z∗i ⊗ id⊗ id)(s) = azi+1zi+2 + bzi+2zi+1 + cz
2
i ,
for i = 1, 2, 3 with indices taken modulo 3. In this case s∗ : Z∗⊗3 → k is given by
s∗abc(z
∗
i1
, z∗i2 , z
∗
i3
) =

a for (i1, i2, i3) = (1, 2, 3), (2, 3, 1), (3, 1, 2)
b for (i1, i2, i3) = (1, 3, 2), (3, 2, 1), (2, 1, 3)
c for (i1, i2, i3) = (1, 1, 1), (2, 2, 2), (3, 3, 3)
0 otherwise.
The following result ensures that a host of well-behaved algebras can be recovered as superpo-
tential algebras associated to preregular forms.
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Proposition 2.7. [14, Theorem 11] If A is an N -Koszul, Artin-Schelter regular algebra of global
dimension d generated by n elements in degree one, then A = A(s, N) for some φ-twisted preregular
superpotential s ∈ (kn)⊗m with m ≥ N ≥ 2. We also get that m ≡ 1 mod N when N ≥ 3, and
m = d when N = 2. 
According to the result above, that s is preregular is a necessary condition for A(s, N) being
N -Koszul Artin-Schelter regular. Nonetheless, a sufficient condition for a superpotential algebra
being N -Koszul Artin-Schelter regular remains elusive.
Placing ourselves in the setting of Proposition 2.7, the N -Koszul complex of A(s, N) can be
recovered from the superpotential s as follows. Consider the preliminary result below.
Lemma 2.8 (∂m−N (ks)⊥). Take Z =
⊕n
i=1 kzi, an n-dimensional k-vector space. For a superpo-
tential s =
∑n
i1,...,im=1
si1···imzi1 · · · zim ∈ Z
⊗m, the annihilator of ∂m−N (ks) in (Z∗)⊗N is spanned
by t =
∑n
i1,...,iN=1
ti1···iN z
∗
i1
· · · z∗iN satisfying∑n
i1,...,iN=1
sλ1···λm−N i1···iN ti1...iN = 0,
for all λ1, . . . , λm−N ∈ {1, . . . , n}. We denote this annihilator by ∂
m−N (ks)⊥ ⊆ (Z∗)⊗N . 
Now the result below holds by the proof of [14, Theorem 11].
Proposition 2.9. Retain the notation above. For a superpotential
s =
∑n
i1,...,im=1
si1···imzi1 · · · zim ,
we define a subspace W (r) ⊂ Z⊗(m−r) for any 0 ≤ r ≤ m−N to be the span of the elements∑n
µ1,...,µm−r=1
sλ1···λrµ1···µm−rzµ1 · · · zµm−r ,
for all λ1, . . . , λr ∈ {1, . . . , n}. Take A to be the superpotential algebra A(s, N) = TZ/∂
m−N (ks),
and consider A! := TZ∗/∂m−N (ks)⊥, the N -Koszul dual of A. Then, the N -Koszul resolution of
the trivial left A-module is given by
0→ A⊗Wm
d
−→ A⊗Wm−1
dN−1
−→ · · ·
d
−→ A⊗WN
dN−1
−→ A⊗W1
d
−→W0 → k→ 0, (2.10)
where
(a) W0 = A, W1 = (A
!
1)
∗ = Z, and Wℓ = (A
!
ℓ)
∗ =W (m−ℓ) for N ≤ ℓ ≤ m, and
(b) the differentials are induced by maps
d := mult⊗ idZ⊗ℓ : A⊗ Z
⊗(ℓ+1) = (A⊗ Z)⊗ Z⊗ℓ → A⊗ Z⊗ℓ.
In particular, we obtain that
(c) Wm =W
(0) = ks, so that the last term of (2.10) is A⊗ ks,
(d) WN = W
(m−N) = ∂m−N (ks), the span of elements
∑n
µ1,...,µN=1
sλ1···λm−Nµ1···µN zµ1 · · · zµN
for all λ1, . . . , λm−N ∈ {1, . . . , n}, and
(e) the preregular form s∗ : (Z∗)⊗m = (A!1)
⊗m → A!m
∼= k given by multiplication of A!. 
3. Hopf coaction and homological codeterminant
We say that a Hopf algebra H coacts on a vector space V (resp., on an algebra A) if V is an
H-comodule (resp., if A is an H-comodule algebra). It is sometimes useful to restrict ourselves to
H-coactions that do not factor through coactions of ‘smaller’ Hopf algebras. For this, we provide
the definition of inner-faithfulness.
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Definition 3.1 (inner-faithful). Let A be a right H-comodule (algebra) with comodule structure
map ρ : A → A ⊗H. We say that this coaction is inner-faithful if ρ(A) 6⊂ A ⊗H ′ for any proper
Hopf subalgebra H ′ ( H.
Now we recall an important invariant of Hopf algebra coactions on AS-regular algebras: homo-
logical codeterminant. To do so, note that a connected graded algebra A is AS-regular if and only
if the Yoneda algebra E(A) :=
⊕
i≥0 Ext
i
A(Ak,A k) of A is graded Frobenius [17, Corollary D].
Definition 3.2 (homological codeterminant D). Let A be an Artin-Schelter regular algebra with
graded Frobenius Yoneda algebra E(A) as above. Let H be a Hopf algebra with bijective antipode
S coacting on A from the right (resp., from the left). We get that H coacts on E(A) from the left
(resp., from the right). Suppose e is a nonzero element in (so a k-basis of) ExtdA(Ak,A k) where
d = gldimA.
(a) The homological codeterminant of the H-coaction on A, is defined to be an element D ∈ H
where ρ(e) = D⊗ e (resp., ρ(e) = e⊗ D−1). Note that D is a grouplike element of H.
(b) We say the homological codeterminant is trivial if D = 1H .
The following proposition is a generalization of [8, Theorem 2.1] for computing the homological
codeterminant for a Hopf coaction on a (higher-dimensional) N -Koszul AS-regular algebra.
Theorem 3.3. Let m ≥ N ≥ 2 be integers. Let Z be an n-dimensional k-vector space and take
a twisted superpotential s ∈ Z⊗m. Let A := A(s, N) = TZ/∂m−N (ks) be an N -Koszul AS-regular
algebra of global dimension d. Let H be a Hopf algebra with bijective antipode that coacts on A from
the right (resp., from the left) via ρ, preserving the grading of A, with homological codeterminant
D. Then, the following statements hold:
(a) ks is an one-dimensional H-subcomodule of Z⊗m so that ρ(s) = s⊗D−1 (resp., ρ(s) = D⊗s).
(b) D is trivial if and only if ks is the trivial right (resp., left) H-comodule.
Proof. (a) Giving a right H-coaction on A is equivalent to giving a right H-comodule structure
on Z so that R := ∂m−N (ks) becomes a right H-subcomodule of Z⊗N . Further, if A! = TZ∗/R⊥
is the N -Koszul dual of A, then (A!N+r)
∗ =
⋂
s+t=r Z
⊗s ⊗ R ⊗ Z⊗t is a right H-subcomodule of
Z⊗(N+r) for 0 ≤ r ≤ m−N . By Proposition 2.9(a,c), we see that ks = (A!m)
∗ is a one-dimensional
right H-subcomodule of Z⊗m.
Now we follow [9, Remark 1.6(d) and the comments below] to compute the homological code-
terminant of the right H-coaction on A. Note that the differentials in (2.10) are right H-comodule
maps, as they are induced by 1-fold or (N − 1)-fold left multiplication of A. The projection map
A→ k in (2.10) is also a right H-comodule map. Hence, the complex (2.10) is indeed a resolution
of k in the category of graded left-right (A,H)-Hopf modules. In order to find the H-coaction
on ExtdA(k,k), we apply the functor HomA(−,k) to the resolution (2.10) to obtain a complex of
H-comodules. It is clear that the resulting complex has zero differentials due to the minimality
of (2.10) and simplicity of k. Therefore, we get left H-comodule isomorphisms
ExtdA(k,k)
∼= HomA(A⊗ ks,k) ∼= Homk(ks,k) = (ks)
∗ ⊂ (Z∗)⊗m;
see Proposition 2.9(c) for the first isomorphism. We consider (ks)∗ as a one-dimensional left H-
subcomodule of (Z∗)⊗m by applying the antipode of H. Thus, the left H-coaction on ExtdA(k,k)
is the left H-coaction on (ks)∗. By Definition 3.2, ρE(e) = D ⊗ e for any basis e of Ext
d
A(k,k).
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Therefore, we have ρ(s) = s⊗ D−1 by applying the antipode of H and by using the isomorphisms
of H-comodules above.
Likewise, the parenthetical statement holds.
(b) This follows immediately from part (a). 
4. Standing hypotheses, notation, and preliminary results
In this section, we set notation that will be employed throughout this work. We also establish
preliminary results on Hopf coactions on N -Koszul Artin-Schelter regular algebras (or on superpo-
tential algebras defined by a preregular superpotential by Proposition 2.7).
Notation 4.1. Let m ≥ N ≥ 2 be integers.
• V is an n-dimensional k-vector space with basis {v1, . . . , vn}.
• V ∗ is the vector space dual of V with dual basis {θ1, . . . , θn}.
• e = (e, σ) : V ⊗m → k is a preregular m-linear form, which we identify with a σ-twisted
preregular superpotential e∗ ∈ (V ⊗m)∗ ∼= (V ∗)⊗m by Lemma 2.4(b).
• ei1···im := e(vi1 ⊗ · · · ⊗ vim).
• f = (f, ψ) : (V ∗)⊗m → k is a preregular m-linear form, which we identify with a ψ-twisted
preregular superpotential f∗ ∈ ((V ∗)⊗m)∗ ∼= V ⊗m by Lemma 2.4(b).
• fi1···im := f(θi1 ⊗ · · · ⊗ θim).
• (Me, eˆ) consists of a one-dimensional k-vector space Me with basis me and a linear map
eˆ : V ⊗m →Me given by eˆ(vi1 ⊗ · · · ⊗ vim) = ei1···imme.
• (Mf , fˆ) consists of a one-dimensional k-vector space Mf with basis mf and a linear map
fˆ : (V ∗)⊗m →Mf given by fˆ(θi1 ⊗ · · · ⊗ θim) = fi1···immf .
• A(e, N) = TV ∗/∂m−N (ke∗) is the superpotential algebra associated to e, which by
Lemma 2.4(d) is isomorphic to
k〈x1, . . . , xn〉(∑n
j1,...,jN=1
ei1···im−N j1···jNxj1 · · · xjN
∣∣ 1 ≤ i1, . . . , im−N ≤ n) .
Here, the basis {θi} of V
∗ is identified with the indeterminate set {xi}.
• A(f, N) = TV/∂m−N (kf∗) is the superpotential algebra associated to f, which by
Lemma 2.4(d) is isomorphic to
k〈y1, . . . , yn〉(∑n
j1,...,jN=1
fi1···im−N j1···jNyj1 · · · yjN
∣∣ 1 ≤ i1, . . . , im−N ≤ n) .
Here, the basis {vi} of V is identified with the indeterminate set {yi}.
• P is the matrix representing σ ∈ GL(V ) = GLn(k).
• Q is the matrix representing ψ ∈ GL(V ∗) = GLn(k).
• superscripts T and −T of matrices mean transpose and transpose-inverse, respectively.
• DH =: D is the homological codeterminant of a coaction of a Hopf algebra H on a fixed
algebra A.
Moreover, Proposition 2.7 prompts the standing assumptions below.
ON QUANTUM GROUPS ASSOCIATED TO A PAIR OF PREREGULAR FORMS 9
Hypothesis 4.2. Throughout the paper, we assume that
(a) superpotential algebras A(e, N) and A(f, N) are all N -Koszul Artin-Schelter regular; and
(b) all Hopf coactions on N -Koszul AS-regular algebras (or on superpotential algebras) A pre-
serve the grading of A.
The non-degeneracy condition in Definition 2.1(a) allows preregular forms e and f have inverses
in the following sense.
Lemma 4.3 (e˜, f˜). There exist m-linear forms e˜ : (V ∗)⊗m → k and f˜ : V ⊗m → k so that∑n
k1,...,km−1=1
e˜ik1···km−1ek1···km−1j = δij , (4.4)∑n
k1,...,km−1=1
fik1···km−1 f˜k1···km−1j = δij . (4.5)
Proof. For the m-linear preregular form e : V ⊗m → k, we define a map ϕ : V ⊗(m−1) → V ∗ such
that 〈ϕ(vi2 ⊗ · · · ⊗ vim), vi1〉 = e(vi1 ⊗ · · · ⊗ vim), where 〈−,−〉 : V
∗ × V → k is the natural
evaluation. In view of Definition 2.1(a), one sees that the non-degeneracy of e in the first coor-
dinate is equivalent to the surjectivity of ϕ. (For instance, suppose that ϕ is surjective. Then,
θi1 = ϕ(
∑n
i2,...,im=1
γi2...imvi2⊗· · ·⊗vim) for γi2···im ∈ k. If e is degenerate, then for some vi1 6= 0 we
have ei1i2···im = 0 for any i2, . . . , im ∈ {1, . . . , n}. Thus 〈θi1 , vi1〉 =
∑n
i2,...,im=1
γi2···imei1i2···im = 0,
which yields a contradiction.) Hence we can take a section of ϕ, denoted by φ : V ∗ → V ⊗(m−1),
such that ϕ ◦ φ = idV ∗ . We define e˜ : (V
∗)⊗m → k by
e˜(θi1 ⊗ · · · ⊗ θim) = 〈θi1 ⊗ · · · ⊗ θim−1 , φ(θim)〉.
Thus by writing φ(θim+1) =
∑n
j2,...,jm=1
αj2···jmvj2 ⊗ · · · ⊗ vjm for αj2···jm ∈ k we get∑n
i2,...,im=1
e(vi1 ⊗ · · · ⊗ vim) e˜(θi2 ⊗ · · · ⊗ θim+1)
=
∑n
i2,...,im=1
〈ϕ(vi2 ⊗ · · · ⊗ vim), vi1〉 〈θi2 ⊗ · · · ⊗ θim , φ(θim+1)〉
=
∑n
i2,...,im=1
〈ϕ(vi2 ⊗ · · · ⊗ vim), vi1〉 〈θi2 ⊗ · · · ⊗ θim ,
∑n
j2,...,jm=1
αj2···jmvj2 ⊗ · · · ⊗ vjm〉
=
〈
ϕ
(∑n
j2,...,jm=1
αj2···jmvj2 ⊗ · · · ⊗ vjm
)
, vi1
〉
= 〈ϕ ◦ φ(θim+1), vi1〉 = 〈θim+1 , vi1〉 = δi1im+1 .
Clearly, the cyclic condition in Definition 2.1(b) implies that any preregular form is also nonde-
generate in the last component. Then f˜ can be constructed in a similar way. 
Definition 4.6 (Aff(e), Aff(f)). Let Aff(e) (resp., Aff(f)) be the set of forms e˜ satisfying (4.4)
(resp., forms f˜ satisfying (4.5)). These are referred to as polar forms.
As noted in [7, page 459], both Aff(e) and Aff(f) consist of one element if m = 2, and both
consist of more than one element if m > 2.
On the other hand, as a consequence of Definition 2.1(b), we obtain the following notation and
result (cf. [7, (3.2) and (3.3)]).
Lemma 4.7 (Pkℓ, Qkℓ). Let Pkℓ be the components of P so that P(vℓ) =
∑n
k=1 Pkℓvk. Let Qkℓ be
the components of Q so that Q(θℓ) =
∑n
k=1Qkℓθk. Then,∑n
k=1 Pkℓeki1···im−1 = ei1···im−1ℓ,
∑n
ℓ=1 P
−1
ℓk ei1···im−1ℓ = eki1···im−1 , (4.8)∑n
k=1Qkℓfki1···im−1 = fi1···im−1ℓ,
∑n
ℓ=1Q
−1
ℓk fi1···im−1ℓ = fki1···im−1 . (4.9)

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We end this section with two results that are crucial to our work.
Theorem 4.10. Let K be a Hopf algebra coacting on the free algebra TV ∗ = k〈x1, . . . , xn〉 with
ρ(xi) =
∑n
j=1 aij ⊗ xj for some aij ∈ K. Consider the N -Koszul Artin-Schelter regular algebra
A(e, N) = TV ∗/(R), where R = ∂m−N (ke∗) ⊂ (V ∗)⊗N . Then, the following are equivalent.
(a) The map ρ : TV ∗ → K ⊗ TV ∗ induces naturally a coaction of K on A(e, N) such that
A(e, N) is a left K-comodule algebra.
(b) The coaction ρ satisfies ρ(R) ⊆ K ⊗R, that is,∑n
i1,...,iN ,j1,...,jN=1
eλ1···λm−N i1···iNµj1···jN ai1j1 · · · aiN jN = 0,
where
∑n
i1,...,iN=1
eλ1···λm−N i1···iNµi1···iN = 0 for all λ1, . . . λm−N ∈ {1, . . . , n}.
(c) There is a unique grouplike element g ∈ K such that the natural inclusion ke∗ →֒ (V ∗)⊗m
is a left K-comodule map where the coactions of K on V ∗ and on ke∗ are given by ρ and
g ⊗−, respectively.
(d) There is a unique grouplike element g ∈ K such that the map eˆ : V ⊗m → Me is a right
K-comodule map where the coactions of K on V and on Me are given by vj 7→
∑n
i=1 vi⊗aij
and −⊗ g, respectively.
(e) There is a unique grouplike element g ∈ K such that the following relations hold in K:∑n
i1,...,im=1
ei1...im ai1j1 · · · aimjm = ej1···jmg,
for all j1, . . . , jm ∈ {1, . . . , n}.
If K satisfies these conditions, then the unique grouplike element g ∈ K in parts (c)-(e) is given by
g = 1
ej1...jm
∑n
i1,...,im=1
ei1...im ai1j1 · · · aimjm
for any choice of j1, . . . , jm ∈ {1, . . . , n} such that ej1...jm 6= 0. Moreover, the homological codeter-
minant of the K-coaction on A(e, N) is given by g.
Proof. First, note that the elements aij ∈ K given by the K-coaction on TV
∗ span a matrix
coalgebra such that ∆(aij) =
∑n
k=1 aik ⊗ akj and ε(aij) = δij for all 1 ≤ i, j ≤ n.
(a)⇔(b) is clear; use Lemma 2.8 and [9, Lemma 2.2] for the m = N = 2 case, for instance.
(d)⇔(e) Denote by ρ(me) = me⊗g the K-coaction on Me given by the grouplike element g ∈ K.
Clearly, eˆ : V ⊗m →Me is a right K-comodule map if and only if the following diagram commutes
V ⊗m
ρ

eˆ // Me
−⊗g

V ⊗m ⊗K
eˆ⊗idK
// Me ⊗K.
It is straightforward to check that the commutativity of the diagram above is equivalent to the
following condition. ∑n
i1,··· ,im=1
ei1···imai1j1 · · · aimjm = ej1···jmg,
for all j1, . . . , jm ∈ {1, . . . , n}.
(c)⇔(e) follows similarly.
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(b)⇒(c) Since R is a K-subcomodule of (V ∗)⊗N , ke∗ =
⋂
r+s=m−N(V
∗)⊗r ⊗ R ⊗ (V ∗)⊗s is
a K-subcomodule of (V ∗)⊗m by Proposition 2.9(c). Thus it is clear that the natural inclusion
ke∗ →֒ (V ∗)⊗m is a K-comodule map. Since ke∗ is one-dimensional, any K-coaction on ke∗ must
be given by some grouplike element in K, which in our setting is uniquely determined by ρ.
(c)⇒(b) We endow V with a left K-comodule structure defined by ρ∨(vj) =
∑n
i=1 S(aij) ⊗ vi.
Take V ∗ a left K-comodule via ρ. Thus in the category of left K-comodules, V is the right dual
of V ∗, where the natural evaluation ev : V ∗ × V → k is a K-comodule map. Then we consider the
following sequence of maps:
ke∗ ⊗ V ⊗(m−N) (V ∗)⊗m ⊗ V ⊗(m−N) (V ∗)⊗N
ι⊗ idV ⊗(m−N) id(V ∗)⊗N ⊗ evV ⊗(m−N)
(4.11)
where ι : ke∗ → (V ∗)⊗m is the inclusion and
evV ⊗(m−N) : (V
∗)⊗(m−N) ⊗ V ⊗(m−N) → k
is the iterated evaluation of V ∗ against V via the natural evaluation ev : V ∗ ⊗ V → k, with the
innermost V ⊗ V evaluated first, etc. In view of Lemma 2.4(d) (with r = 0, s = m − N), it is
routine to check that
Image
(
ke∗ ⊗ V ⊗(m−N) −→ (V ∗)⊗N
)
= ∂m−N (ke∗) = R.
Now ι is a map of left K-comodules by assumption. Since the evaluation ev : V ∗× V → k is also a
map of left K-comodules, the entire composition (4.11) is preserved by the left K-coactions on its
domain and codomain. In particular, its image R is a K-subcomodule of (V ∗)⊗N , or equivalently
ρ(R) ⊆ K ⊗R as desired.
Finally, suppose K satisfies the equivalent conditions (a)-(e). Thus the independency of the
choice of j1, . . . , jm ∈ {1, . . . , n} in the definition of g is clear from part (e). Moreover, we get
ρ(e∗) = g⊗ e∗ by part (b). Hence the homological codeterminant of the left K-coaction on A(e, N)
follows from Theorem 3.3(a). 
The following result can be obtained in a similar fashion.
Theorem 4.12. Let K be a Hopf algebra coacting on the free algebra TV = k〈y1, . . . , yn〉 with
ρ(yj) =
∑n
i=1 yi ⊗ aij for some aij ∈ K. Consider the N -Koszul Artin-Schelter regular algebra
A(f, N) = TV/(R), where R = ∂m−N (kf∗) ⊂ V ⊗N . Then the following are equivalent.
(a) The map ρ : TV → TV ⊗K induces naturally a coaction of K on A(f, N) such that A(f, N)
is a right K-comodule algebra.
(b) The coaction ρ satisfies ρ(R) ⊆ R⊗K, that is,∑n
i1,...,iN ,j1,...,jN=1
fλ1···λm−N j1···jN νi1···iN ai1j1 · · · aiN jN = 0,
where
∑n
j1,...,jN=1
fλ1,...,λm−N ,j1,...,jNνj1···jN = 0 for all λ1, . . . λm−N ∈ {1, . . . , n}.
(c) There is a unique grouplike element g ∈ K such that the natural inclusion kf∗ →֒ V ⊗m is a
right K-comodule map where the coactions of K on V and on kf∗ are given by ρ and −⊗ g,
respectively.
12 ALEXANDRU CHIRVASITU, CHELSEA WALTON, AND XINGTING WANG
(d) There is a unique grouplike element g ∈ K such that the map fˆ : (V ∗)⊗m → Mf is a left
K-comodule map where the coactions of K on V ∗ and on Mf are given by θi 7→
∑n
j=1 aij⊗θj
and g ⊗−, respectively.
(e) There is a unique grouplike element g ∈ K such that the following relations hold in K:∑n
j1,...,jm=1
fj1...jm ai1j1 · · · aimjm = fi1···img,
for all i1, . . . , im ∈ {1, . . . , n}.
If K satisfies these conditions, then the unique grouplike element g ∈ K in parts (c)-(e) is given by
g = 1
fi1...im
∑n
j1,...,jm=1
fj1...jm ai1j1 · · · aimjm
for any choice of i1, . . . , im ∈ {1, . . . , n} such that fi1...im 6= 0. Moreover, the homological codeter-
minant of the K-coaction on A(f, N) is given by g−1. 
Remark 4.13. Generally, we can consider the coaction of a bialgebra B on A(e, N) or on A(f, N),
but the adjustments to the theorems above are given as follows.
(a) Let B coact on the free algebra TV ∗ = k〈x1, . . . , xn〉 with ρ(xi) =
∑n
j=1 bij ⊗ xj for some
bij ∈ B. Using the same proofs in Theorem 4.10, we can show that (a)⇔(b) and (c)⇔(d)⇔(e).
Moreover, (b) implies (c), but the converse does not necessarily hold.
(b) Let B coact on the free algebra TV = k〈y1, . . . , yn〉 with ρ(yj) =
∑n
i=1 yi ⊗ bij for some
bij ∈ B. Similarly, we have (a)⇔(b) and (c)⇔(d)⇔(e); again (b)⇒(c), but (c)6⇒(b).
5. The quantum groups H(e), H(f) associated to a preregular form e, f, resp.
Recall the notation from the previous section, especially Notation 4.1. Now we begin the study
of universal quantum groups H(e) and H(f) associated to preregular forms e and f, respectively.
We define these Hopf algebras in Sections 5.1 and 5.2, and show that they coact universally on
superpotential algebras A(e, N) and A(f, N), respectively, in Section 5.3.
5.1. Presentation of H(e).
Definition 5.1. For a preregular form e : V ⊗m → k, let H(e) be the algebra with generators
(aij)1≤i,j≤n, (bij)1≤i,j≤n, D
±1
e satisfying the relations∑n
i1,...,im=1
ei1···imai1j1 · · · aimjm = ej1···jmDe, ∀ 1 ≤ j1, . . . , jm ≤ n, (5.2)∑n
i1,...,im=1
ei1···imbimjm · · · bi1j1 = ej1···jmDe
−1, ∀ 1 ≤ j1, . . . , jm ≤ n, (5.3)
DeDe
−1 = De
−1De = 1H, (5.4)
AB = I, (5.5)
where A and B are the matrices (aij)1≤i,j≤n and (bij)1≤i,j≤n, respectively.
Lemma 5.6. The following hold in H(e).
BA = I = AB,
BT D−1e P
T AT P−T De = I = D
−1
e P
T AT P−T De B
T .
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Proof. We first show that BA = I = AB. By Lemma 4.3, we have an element e˜ ∈ Aff(e). Let
C := (cij)1≤i,j≤n be elements in H(e) such that
cij =
∑n
i1,...,im−1,j1,...,jm−1=1
De
−1e˜ii1···im−1aj1i1 · · · ajm−1im−1ej1···jm−1j . (5.7)
Thus we have∑n
k=1 cikakj
(5.7)
=
∑n
i1,...,im−1,k1,...,km−1,k=1
De
−1e˜ii1···im−1ak1i1 · · · akm−1im−1ek1···km−1kakj
(5.2)
=
∑n
i1,...,im−1=1
De
−1e˜ii1···im−1ei1···im−1jDe
(4.4)
= δij .
This shows that CA = I. By (5.5), C = CI = C(AB) = (CA)B = IB = B. Thus BA = I = AB.
Next, consider the following computation.
(D−1e P
T AT P−T De B
T )ij =
∑n
s,t,k=1 De
−1 Pti ast P
−1
ks De bjk =
∑n
s,t,k=1 De
−1 Pti ast P
−1
ks De cjk
(5.7)
=
∑n
s,t,k,j1,...,jm−1,k1,...,km−1=1
De
−1PtiastP
−1
ks De(De
−1e˜jj1···jm−1ak1j1 · · · akm−1jm−1ek1···km−1k)
(4.8)
=
∑n
s,t,j1,...,jm−1,k1,...,km−1=1
De
−1Pti(esk1···km−1astak1j1 · · · akm−1jm−1)e˜jj1···jm−1
(5.2)
=
∑n
s,j1,...,jm−1=1
De
−1Ptietj1···jm−1Dee˜jj1···jm−1
(4.8)
=
∑n
j1,...,jm−1=1
e˜jj1···jm−1ej1···jm−1i
(4.4)
= δij .
Then D−1e P
T AT P−T De B
T = I. Similarly let D := (dij)1≤i,j≤n be elements in H(e) such that
dij =
∑n
i1,...,im−1,j1,...,jm−1=1
e˜ii1···im−1bjm−1im−1 · · · bj1i1ej1···jm−1j De.
It is straightforward to check that BTDT = I. Hence, we have D−1e P
T AT P−T De = D
T and
BT (D−1e P
T AT P−T De) = I. This completes our proof. 
Proposition 5.8. The algebra H(e) admits a Hopf algebra structure, with comultiplication ∆ de-
fined by
∆(aij) =
∑n
k=1 aik ⊗ akj, ∆(bij) =
∑n
k=1 bkj ⊗ bik, ∆(D
±1
e ) = D
±1
e ⊗ D
±1
e , (5.9)
with counit ε defined by
ε(aij) = ε(bij) = δij , ε(D
±1
e ) = 1 (5.10)
and with antipode S defined by
S(A) = B, S(B) = D−1e P
−1APDe, S(D
±1
e ) = D
∓1
e . (5.11)
Proof. One sees easily that (5.9) and (5.10) equip the algebra H(e) with a bialgebra structure. It
remains to show that S defined in (5.11) is an antipode of H(e). As a consequence of Lemma 5.6,
we have∑n
k=1 aikS(akj) =
∑n
k=1 S(aik)akj = ε(aij),
∑n
k=1 bkjS(bik) =
∑n
k=1 S(bkj)bik = ε(bij), (5.12)
for all 1 ≤ i, j ≤ n. Thus it suffices to show that S is compatible with the relations in H(e). It
is clear that S is compatible with the relation (5.4). For (5.2), (5.3), (5.5), consider the following
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computations:
S(
∑n
i1,...,im=1
ei1···imai1j1 · · · aimjm) =
∑n
i1,...,im=1
ei1···imbimjm · · · bi1j1
(5.3)
= ej1···jmDe
−1 = S(ej1···jmDe)
S(
∑n
i1,...,im=1
ei1···imbimjm · · · bi1j1)
(5.3)
=
∑n
i1,...,im,
k1,...,km=1
S(bi1j1) · · · S(bimjm)bkmim · · · bk1i1ek1···kmDe
(5.12)
=
∑n
k1,...,km=1
δk1,j1 · · · δkm,jmek1···kmDe
= ej1···jmDe = S(ej1···jmDe
−1)
S(
∑n
k=1 aikbkj) =
∑n
k=1 S(bkj)S(aik) =
∑n
k=1 S(bkj)bik
(5.12)
= δij .
This gives our result. 
Remark 5.13. We emphasize that the generators bij’s above are needed to define the “right in-
verse” (antipode) of aij’s forH(e). Indeed, the nondegeneracy of the preregular form e (Definition 2.1(a))
implies that A must have a left inverse in terms of aij’s, which in the proof of Lemma 5.6 is denoted
by C = (cij)1≤i,j≤n. Yet we do not necessarily have that AC = I. If we impose that AC = I, we
obtain a Hopf quotient H(e, e˜) of H(e) as defined in [14, Section 8], where the antipode of H(e, e˜)
is given by S(A) = C above.
We denote by ηDe and ηe two automorphisms of H(e) satisfying
ηDe(A) = DeADe
−1, ηDe(B) = DeBDe
−1, ηDe(D
±1
e ) = D
±1
e ;
ηe(A) = P
−1AP, ηe(B) = P
−1BP, ηe(D
±1
e ) = D
±1
e .
By Proposition 5.8, it is clear that ηDe and ηe are Hopf algebra automorphisms of H(e).
Corollary 5.14. We have ηDe ◦ S
2 = ηe in H(e). Thus, the antipode S of H(e) is bijective.
Proof. It suffices to check for the generators of H(e). We apply (5.11) to get
ηDe ◦ S
2(De) = De = ηe(De),
ηDe ◦ S
2(A) = DeS(B)D
−1
e = P
−1AP = ηe(A),
ηDe ◦ S
2(B) = DeS(D
−1
e P
−1APDe)D
−1
e = P
−1S(A)P = P−1BP = ηe(B).
The bijectivity of S2, and thus S, follows immediately. 
Now we establish universal properties of H(e).
Proposition 5.15.
(a) Endow both V and Me with the right H(e)-comodule structures defined respectively by
ρH(vj) =
∑n
i=1 vi ⊗ aij and ρH(me) = me ⊗ De. Then, the linear map eˆ : V
⊗m → Me
is an H(e)-comodule map.
(b) Let K be a Hopf algebra that right coacts on both V and Me so that eˆ is a K-comodule map.
Then, there exists a unique Hopf algebra map φ : H(e)→ K such that (idV ⊗ φ) ◦ ρH = ρK ,
where ρH and ρK denote the coactions on V of H(e) and K, respectively.
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(c) Endow V ∗ with the left H(e)-comodule structure defined by ρH(θi) =
∑n
j=1 aij ⊗ θj. Then,
ke∗ is an H(e)-subcomodule of (V ∗)⊗m.
(d) Let K be a Hopf algebra that left coacts on V ∗ so that ke∗ is a K-subcomodule of (V ∗)⊗m.
Then, there exists a unique Hopf algebra map φ : H(e)→ K such that (φ⊗ idV ∗)◦ρH = ρK ,
where ρH and ρK denote the coactions on V
∗ of H(e) and K, respectively.
Proof. We only prove for part (a,b), and part (c,d) can be obtained in a similar way.
(a) This follows by (5.2) and Theorem 4.10((e)⇒(d)).
(b) Write ρK(vj) =
∑n
i=1 vi ⊗ kij for some kij ∈ K and ρK(me) = me ⊗ g for some grouplike
element g ∈ K. By Theorem 4.10((d)⇒(e)), the following hold in K.∑n
i1,··· ,im=1
ei1···imki1j1 · · · kimjm = ej1···jmg, for all 1 ≤ j1, . . . , jm ≤ n. (5.16)
Furthermore, write hij = S(kij) ∈ K. Thus, for any 1 ≤ j1, . . . , jm ≤ n,∑n
i1,...,im=1
ei1···imhimjm · · · hi1j1
(5.16)
=
∑n
i1,...,im=1
(
∑n
r1,...,rm=1
g−1er1···rmkr1i1 · · · krmim)himjm · · · hi1j1
=
∑n
r1,...,rm=1
g−1er1···rm(
∑n
i1,...,im=1
kr1i1 · · · (krmimhimjm) · · · hi1j1)
=
∑n
r1,...,rm=1
δr1j1 · · · δrmjmer1···rmg
−1
= ej1···jmg
−1.
Hence, there is a Hopf algebra map φ : H(e) → K given by φ(aij) = kij , φ(bij) = hij and
φ(D±1e ) = g
±1. It is clear that φ is the unique map satisfying (idV ⊗φ) ◦ ρH = ρK . This proves our
result. 
5.2. Presentation of H(f). For the preregular form f : (V ∗)⊗m → k, we can consider H(f) as a
dual version of H(e) having a similar presentation and universal property. Therefore, the following
results for H(f) can be obtained by the same fashion as in the previous section.
Definition 5.17. For a preregular form f : (V ∗)⊗m → k, let H(f) be the algebra with generators
(aij)1≤i,j≤n, (bij)1≤i,j≤n, D
±1
f
satisfying the relations∑n
i1,...,im=1
fi1···imaj1i1 · · · ajmim = fj1···jmDf
−1, ∀ 1 ≤ j1, . . . , jm ≤ n, (5.18)∑n
i1,...,im=1
fi1···imbjmim · · · bj1i1 = fj1···jmDf , ∀ 1 ≤ j1, . . . , jm ≤ n, (5.19)
DfDf
−1 = Df
−1Df = 1H, (5.20)
BA = I, (5.21)
where A and B are the matrices (aij)1≤i,j≤n and (bij)1≤i,j≤n, respectively.
Lemma 5.22. The following hold in H(f).
BA = I = AB,
BT D−1
f
QAT Q−1Df = I = D
−1
f
QAT Q−1Df B
T . 
Proposition 5.23. The algebra H(f) admits a Hopf algebra structure, with comultiplication ∆
defined by
∆(aij) =
∑n
k=1 aik ⊗ akj , ∆(bij) =
∑n
k=1 bkj ⊗ bik, ∆(D
±1
f
) = D±1
f
⊗ D±1
f
, (5.24)
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with counit ε defined by
ε(aij) = ε(bij) = δij , ε(D
±1
f
) = 1 (5.25)
and with antipode S defined by
S(A) = B, S(B) = D−1
f
Q−T AQT Df , S(D
±1
f
) = D∓1
f
. (5.26)

We denote by ηDf and ηf two Hopf algebra automorphisms of H(f) satisfying
ηDf (A) = DfADf
−1, ηDf (B) = DfBDf
−1, ηDf (D
±1
f
) = D±1
f
;
ηf(A) = Q
−TAQT , ηf(B) = Q
−TBQT , ηf(D
±1
f
) = D±1
f
.
Corollary 5.27. We have ηDf ◦ S
2 = ηf in H(f). Thus, the antipode S of H(f) is bijective. 
Proposition 5.28.
(a) Endow both V ∗ and Mf with the left H(f)-comodule structures defined respectively by
ρH(θi) =
∑n
j=1 aij ⊗ θj and ρH(mf) = D
−1
f
⊗mf . Then, the linear map fˆ : (V
∗)⊗m →Mf is
an H(f)-comodule map.
(b) Let K be a Hopf algebra that left coacts on both V ∗ and Mf so that fˆ is a K-comodule map.
Then, there exists a unique Hopf algebra map φ : H(f)→ K such that (φ⊗ idV ∗)◦ρH = ρK ,
where ρH and ρK denote the coactions on V
∗ of H(f) and K, respectively.
(c) Endow V with the right H(f)-comodule structure defined by ρH(vj) =
∑n
i=1 vi ⊗ aij . Then,
kf∗ is an H(f)-subcomodule of V ⊗m.
(d) Let K be a Hopf algebra that right coacts on V so that kf∗ is a K-subcomodule of V ⊗m.
Then, there exists a unique Hopf algebra map φ : H(f)→ K such that (idV ⊗ φ) ◦ ρH = ρK ,
where ρH and ρK denote the coactions on V of H(f) and K, respectively. 
5.3. Coaction on superpotential algebra A(e, N) or A(f, N). In this part, we discuss further
universal properties of H(e) and H(f) pertaining to their coactions on superpotential algebras
A(e, N) and A(f, N), respectively. Recall by Lemma 2.4, we denote by e∗ ∈ (V ∗)⊗m and f∗ ∈ V ⊗m
the twisted preregular superpotentials corresponding to e and f.
First, we define certain quotient Hopf algebras of H(e) and H(f), respectively.
Definition 5.29. [S(e), S(f)] Let S(e) be the Hopf algebra H(e)/(De−1) and let S(f) be the Hopf
algebra H(f)/(Df − 1).
Remark 5.30. In S(e), we will still keep the notation (aij)1≤i,j≤n and (bij)1≤i,j≤n for their images
under the quotient mapH(e)։ S(e). Then S(e) has generators (aij)1≤i,j≤n and (bij)1≤i,j≤n subject
to relations (5.2), (5.3), (5.5) with D±1e = 1. Moreover, S(e) has universal properties like those of
H(e) in Proposition 5.15 by requiring the corresponding coactions on Me or ke
∗ to be trivial.
Similar statements hold for S(f) as well.
Now we discuss inner-faithful coactions on superpotential algebras.
Proposition 5.31. We have the following inner-faithful coactions:
(a) H(e) left coacts on A(e, N) inner-faithfully via ρH(xi) =
∑n
j=1 aij ⊗ xj, 1 ≤ i ≤ n with
homological codeterminant De.
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(b) S(e) left coacts on A(e, N) inner-faithfully via ρS(xi) =
∑n
j=1 aij⊗xj, 1 ≤ i ≤ n with trivial
homological codeterminant.
(c) H(f) right coacts on A(f, N) inner-faithfully via ρH(yj) =
∑n
i=1 yi ⊗ aij, 1 ≤ j ≤ n with
homological codeterminant Df .
(d) S(f) right coacts on A(f, N) inner-faithfully via ρS(yj) =
∑n
i=1 yi ⊗ aij , 1 ≤ j ≤ n with
trivial homological codeterminant,
Proof. Part (a) follows from Theorem 4.10((e)⇒(a)) and relation (5.2); the homological codetermi-
nant is also given by Theorem 4.10. Suppose K is any Hopf subalgebra of H(e) through which the
coaction of H(e) factors. Then one sees that aij ∈ K. Moreover, bij = S(aij) ∈ K and D
±1
e ∈ K by
Theorem 4.10((a)⇒(e)). So K = H(e), which proves the inner-faithfulness of the coaction of H(e).
The remaining parts follow in the same way. 
Now we consider a version of Manin’s universal quantum groups that coact on the N -Koszul
Artin-Schelter regular algebras A(e, N) and A(f, N); we refer the reader to [9, Section 2.2] and [19,
Section 7.5] for background material.
Definition 5.32 (one-sided quantum general/ special linear groups OA(∗,N)(GL)/ OA(∗,N)(SL)).
(a) The (left) quantum general linear group of A(e, N), denoted by OA(e,N)(GL), is defined to
be the Hopf algebra that left coacts on A(e, N) universally so that for any Hopf algebra
K that left coacts on A(e, N), there is a unique Hopf algebra map φ : OA(e,N)(GL) → K
such that (φ ⊗ idA(e,N)) ◦ ρO = ρK , where ρO and ρK denote the coactions on A(e, N) of
OA(e,N)(GL) and K, respectively.
(b) The (left) quantum special linear group of A(e, N), denoted by OA(e,N)(SL), is defined
to be the Hopf algebra that left coacts on A(e, N) universally with trivial homological
codeterminant so that for any Hopf algebra K that left coacts on A(e, N) with trivial
homological codeterminant, there is a unique Hopf algebra map φ : OA(f,N)(SL) → K
such that (φ ⊗ idA(e,N)) ◦ ρO = ρK , where ρO and ρK denote the coactions on A(e, N) of
OA(e,N)(SL) and K, respectively.
(c) The (right) quantum general linear group of A(f, N), denoted by OA(f,N)(GL), can be sim-
ilarly defined as in part (a) by changing the left coaction into the right coaction.
(d) The (right) quantum special linear group of A(f, N), denoted by OA(f,N)(SL), can be simi-
larly defined as in part (b) by changing the left coaction into the right coaction.
Theorem 5.33.
(a) The left coaction of H(e) (resp., of S(e)) on A(e, N) given in Proposition 5.31(a) (resp., (b))
satisfy the universal property described by Definition 5.32(a) (resp., (b)). Therefore, we have
the following equalities of universal quantum groups
H(e) = OA(e,N)(GL) and S(e) = OA(e,N)(SL).
(b) The right coactions of H(f) (resp., of S(f)) on A(f, N) given in Proposition 5.31(c) (resp., (d))
satisfy the universal properties described by Definition 5.32(c) (resp., (d)). Therefore, we
have the following equalities of universal quantum groups
H(f) = OA(f,N)(GL) and S(f) = OA(f,N)(SL).
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Proof. We only verify the statement for the left coaction of H(e) on A(e, N), and the arguments
are analogous for the remaining items. Take A := A(e, N) = TV ∗/∂m−N (ke∗) with degree one
generating space V ∗. Let K be a Hopf algebra coacting on A from the left via ρK : A → K ⊗ A
induced by ρK |V ∗ : V
∗ → K⊗V ∗. By Theorem 4.10((a)⇒(c)), ke∗ is a K-subcomodule of (V ∗)⊗m.
Then, the universal property of H(e) in Proposition 5.15(d) ensures that there is a unique Hopf
algebra map φ : H(e)→ K satisfying
ρK |V ∗ = (φ⊗ idV ∗)ρH|V ∗ , (5.34)
where ρH : A→H(e)⊗A is the coaction of H(e) given by ρH(yi) =
∑n
j=1 aij ⊗ yj. Hence we have
ρK = (φ⊗ idA)ρH (5.35)
since both sides of (5.35) are algebra maps from A to K⊗A and since they are equal when restricted
to the generating space V ∗ of A due to (5.34). The Hopf algebra map φ : H(e) → K in (5.35) is
clearly unique. So, by definition, H(e) = OA(e,N)(GL) as Hopf algebras. 
6. The quantum group H(e, f) associated to a pair of preregular forms e and f
This brings us to the heart of this work: the study of a universal quantum group H(e, f) as-
sociated to preregular forms e and f. We define this Hopf algebra in Section 6.1 and study its
simultaneous coactions on superpotential algebras A(e, N) and A(f, N) in Section 6.2. Then in
view of Remark 4.13, we define and examine an analogous bialgebra that coacts simultaneously on
A(e, N) and A(f, N) in the following section. The presentation of H(e, f) as a pushout of H(e) and
H(f) is then provided in Section 6.4. The section ends with a discussion of properties of H(e, f)
and related Hopf algebras in Section 6.5.
6.1. Presentation of H(e, f) via generators and relations.
Definition 6.1 (H(e, f)). For a pair of preregular forms e and f, let H(e, f) be the algebra with
generators (uij)1≤i,j≤n and De
±1, Df
±1 satisfying the relations∑n
i1,...,im=1
ei1...imui1j1 · · · uimjm = ej1...jmDe, ∀ 1 ≤ j1, . . . , jm ≤ n, (6.2)∑n
i1,...,im=1
fi1...imuj1i1 · · · ujmim = fj1...jmD
−1
f
, ∀ 1 ≤ j1, . . . , jm ≤ n, (6.3)
DeDe
−1 = De
−1De = DfDf
−1 = Df
−1Df = 1H. (6.4)
Lemma 6.5. For any e˜ ∈ Aff(e) and f˜ ∈ Aff(f), consider the following elements in H(e, f)
cij =
∑n
i1,...,im−1,j1,...,jm−1=1
De
−1e˜ii1···im−1uj1i1 · · · ujm−1im−1ej1···jm−1j ,
dij =
∑n
i1,...,im−1,j1,...,jm−1=1
fii1···im−1uj1i1 · · · ujm−1im−1 f˜j1···jm−1jDf ,
for all 1 ≤ i, j ≤ n. Then CU = I = UD, where U, C and D are the matrices (uij)1≤i,j≤n,
(cij)1≤i,j≤n and (dij)1≤i,j≤n, respectively. Moreover, C = D and they do not depend on the choice
of e˜ and f˜ in Aff(e) and Aff(f), respectively.
Proof. As shown in the proof of Lemma 5.6, we have CU = I. Similarly, we get that UD = I.
Hence, C = C(UD) = (CU)D = D. Let e′ ∈ Aff(e), and C′ be the corresponding matrix (c′ij)1≤i,j≤n.
Since D is the right inverse of U, C′ = C′(UD) = ID = (CU)D = C. The uniqueness of D can be
proved by using C as the left inverse of U. 
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Proposition 6.6. The algebra H(e, f) admits a Hopf algebra structure, with comultiplication ∆
defined by
∆(uij) =
∑n
k=1 uik ⊗ ukj, ∆(D
±1
e ) = D
±1
e ⊗ D
±1
e , ∆(D
±1
f
) = D±1
f
⊗ D±1
f
, (6.7)
with counit ε defined by
ε(uij) = δij , ε(D
±1
e ) = ε(D
±1
f
) = 1 (6.8)
and with antipode S defined by
S(uij) =
∑n
i1,...,im−1,j1,...,jm−1=1
De
−1e˜ii1···im−1uj1i1 · · · ujm−1im−1ej1···jm−1j (6.9)
=
∑n
i1,...,im−1,j1,...,jm−1=1
fii1···im−1uj1i1 · · · ujm−1im−1 f˜j1···jm−1jDf , (6.10)
for 1 ≤ i, j ≤ n and for any choice of e˜ ∈ Aff(e), f˜ ∈ Aff(f), with S(De
±1) = De
∓1, S(Df
±1) = Df
∓1.
Proof. One sees easily that (6.7) and (6.8) equip H(e, f) with a bialgebra structure. In view of
Lemma 6.5, S(uij) is well-defined in H(e, f) and∑n
k=1 uikS(ukj) =
∑n
k=1 S(uik)ukj = ε(uij),
for all 1 ≤ i, j ≤ n. Hence it suffices to show that S preserves the relations (6.2)-(6.4). For (6.2),
consider
S(
∑n
i1,...,im=1
ei1···imui1j1 · · · uimjm) =
∑n
i1,...,im=1
ei1···imS(uimjm) · · · S(ui1j1)
=
∑n
i1,...,im=1
(
∑n
r1,...,rm=1
D−1e er1···rmur1i1 · · · urmim)S(uimjm) · · · S(ui1j1)
=
∑n
r1,...,rm=1
D−1e er1···rm(
∑n
i1,...,im=1
ur1i1 · · · (urmimS(uimjm)) · · · S(ui1j1))
=
∑n
r1,...,rm=1
δr1j1 · · · δrmjmD
−1
e er1···rm = D
−1
e ej1···jm = S(ej1···jmDe).
Similarly, the relation (6.3) is preserved and the preservation of (6.4) is obvious. Thus, S is the
antipode of H(e, f). 
Corollary 6.11. We have two quotient Hopf algebra maps
φe : H(e)→H(e, f) and φf : H(f)→H(e, f)
defined by φe(aij) = uij, φe(bij) = S(uij), φe(D
±1
e ) = D
±1
e and φf(aij) = uij , φf(bij) = S(uij),
φf(D
±1
f
) = D±1
f
, respectively. 
We denote by η′
De
, η′
Df
and η′e, η
′
f
four automorphisms of H(e, f) satisfying
η′De(U) = DeUDe
−1, η′De(D
±1
e ) = D
±1
e , η
′
De
(D±1
f
) = DeD
±1
f
De
−1;
η′
Df
(U) = DfUDf
−1, η′
Df
(D±1
f
) = D±1
f
, η′
Df
(D±1e ) = DfD
±1
e Df
−1;
η′e(U) = P
−1UP, η′e(D
±1
e ) = D
±1
e , η
′
e(D
±1
f
) = D±1
f
;
η′f(U) = Q
−TUQT , η′f(D
±1
e ) = D
±1
e , η
′
f(D
±1
f
) = D±1
f
.
By Proposition 6.6, it is clear that they are all Hopf algebra automorphisms of H(e, f).
Corollary 6.12. We have η′
De
◦ S2 = η′e and η
′
Df
◦ S2 = η′
f
in H(e, f). Thus, the antipode S of
H(e, f) is bijective. Moreover, the Hopf algebra H(e, f) is involutory if one of the conditions below
is satisfied:
(a) De is central and the matrix P is a scalar multiple of I; or
(b) Df is central and the matrix Q is a scalar multiple of I.
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Proof. By Corollary 6.11, there is a surjection φe : H(e) → H(e, f), which commutes with their
coactions on V and Me. Apply φ = φe to Corollary 5.14. Since φ ◦ ηDe = η
′
De
◦φ and φ ◦ ηe = η
′
e ◦φ,
we obtain that η′
De
◦ S2 = η′e for H(e, f). Likewise, φ = φf to get η
′
Df
◦ S2 = η′
f
for H(e, f).
Now if P = λI for some nonzero λ ∈ k and De is central, it is clear that η
′
De
= η′e = id, which
implies that S2 = id. Similarly, (b) implies that S2 = id. 
We end this section by discussing universal properties of H(e, f).
Proposition 6.13.
(a) Endow V with the right H(e, f)-comodule structure defined by ρH(vj) =
∑n
i=1 vi⊗uij. Then,
kf∗ is a right H(e, f)-subcomodule of V ⊗m.
(b) Endow V ∗ with the induced left H(e, f)-comodule structure such that ρH(θi) =
∑n
j=1 uij⊗θj.
Then, ke∗ is a left H(e, f)-subcomodule of (V ∗)⊗m.
(c) Let K be a Hopf algebra that right coacts on V so that kf∗ is a right K-subcomodule of V ⊗m.
Moreover, with the induced left K-coaction on V ∗, ke∗ is a left K-subcomodule of (V ∗)⊗m.
Then, there exists a unique Hopf algebra map φ : H(e, f)→ K such that (idV ⊗φ)◦ρH = ρK ,
where ρH and ρK denote the coactions on V of H(e, f) and K, respectively.
(d) Endow the three vector spaces V , Me and kf
∗ with the right H(e, f)-comodule structures
defined by ρH(vj) =
∑n
i=1 vi ⊗ uij, ρH(me) = me ⊗ De and ρH(f
∗) = f∗ ⊗ D−1
f
, respectively.
Then, the following
kf∗


// V ⊗m
eˆ // Me
is a sequence of right H(e, f)-comodule maps.
(e) Let K be a Hopf algebra that right coacts on V , on Me and on kf
∗ so that the sequence
above is a sequence of right K-comodule maps. Then, there exists a unique Hopf algebra
map φ : H(e, f)→ K such that (idV ⊗ φ) ◦ ρH = ρK , where ρH and ρK denote the coactions
on V of H(e, f) and K, respectively.
(f) Endow the three vector spaces V ∗, Mf and ke
∗ with the left H(e, f)-comodule structures
defined by ρH(θi) =
∑n
j=1 uij ⊗ θj, ρH(mf) = D
−1
f
⊗mf and ρH(e
∗) = De ⊗ e
∗, respectively.
Then, the following
ke∗


// (V ∗)⊗m
fˆ
// Mf
is a sequence of left H(e, f)-comodule maps.
(g) Let K be a Hopf algebra that left coacts on all V ∗, Mf and ke
∗ so that the sequence
above is a sequence of K-comodule maps. Then, there exists a unique Hopf algebra map
φ : H(e, f)→ K such that (φ⊗ idV ∗) ◦ ρH = ρK , where ρH and ρK denote the coactions on
V ∗ of H(e, f) and K, respectively.
Proof. We only verify for part (d,e); the rest follows similarly or is straightforward.
(d) By Theorem 4.10((e)⇒(d)) and (6.2), one sees that eˆ : V ⊗m →Me is a rightH(e, f)-comodule
map with the H(e, f)-coactions on V and Me given above. Similarly, we get kf
∗ →֒ V ⊗m is a left
H(e, f)-comodule map by Theorem 4.12((e)⇒(c)).
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(e) Let K be a Hopf algebra that right coacts on V , Me and kf
∗ via ρK(vj) =
∑n
i=1 vi ⊗ kij ,
ρK(me) = me⊗ d and ρK(f
∗) = f∗ ⊗ d′ respectively, where kij ∈ K and d, d
′ ∈ K are two grouplike
elements. Suppose the sequence of maps in part (d) is a sequence of right K-comodule maps.
Then, by Theorem 4.10((d)⇒(e)) and Theorem 4.12((c)⇒(e)), there exists a Hopf algebra map
φ : H(e, f) → K given by φ(uij) = kij , φ(D
±1
e ) = d
±1 and φ(D±1
f
) = d′∓1. It is clear that φ is the
unique map satisfying (idV ⊗ φ) ◦ ρH = ρK . This proves our result. 
6.2. Balanced coaction on a pair of superpotential algebras A(e, N) and A(f, N). Now we
discuss universal coactions on a pair of superpotential algebras A(e, N) and A(f, N). To begin,
consider the following Hopf quotient of H(e, f).
Definition 6.14 (S(e, f)). Take S(e, f) := H(e, f)/(De − 1,Df − 1), a Hopf quotient of H(e, f).
In S(e, f), we will still keep the notation (uij)1≤i,j≤n for its image under the quotient map
H(e, f) ։ S(e, f), subject to (6.2), (6.3), with D±1e = D
±1
f
= 1. Moreover, S(e, f) has similar
universal properties as those of H(e, f) in Proposition 6.13 by requiring the corresponding coaction
on Me, Mf or ke
∗, kf∗ to be trivial.
Definition 6.15 (balanced coaction). Let K be a Hopf algebra that simultaneously left coacts on
A(e, N) and right coacts on A(f, N). We say that the K-coactions are balanced if we have elements
(kij)1≤i,j≤n ∈ K such that
ρℓK(xi) =
∑n
j=1 kij ⊗ xj and ρ
r
K(yj) =
∑n
i=1 yi ⊗ kij ,
where ρℓK denotes the left K-coaction on A(e, N) and ρ
r
K denotes the right K-coaction on A(f, N).
Proposition 6.16. We have the following inner-faithful balanced coactions:
(a) H(e, f) left coacts on A(e, N) and right coacts on A(f, N) via
ρℓH(xi) =
∑n
j=1 uij ⊗ xj and ρ
r
H(yj) =
∑n
i=1 yi ⊗ uij .
Moreover, the homological codeterminant of the left (resp., right) H(e, f)-coaction on A(e, N)
(resp., A(f, N)) is given by De (resp., Df).
(b) S(e, f) left coacts on A(e, N) and right coacts on A(f, N) via
ρℓS(xi) =
∑n
j=1 uij ⊗ xj and ρ
r
S(yj) =
∑n
i=1 yi ⊗ uij .
Moreover, these S(e, f)-coactions both have trivial homological codeterminant.
Proof. By using (6.2) and (6.3), this follows from Theorem 4.10((e)⇒(a)) and Theorem 4.12((e)⇒(a)).

Definition 6.17 (balanced general/special linear group, OA(e,N),A(f,N)(GL), OA(e,N),A(f,N)(SL)).
(a) The balanced quantum general linear group associated to a pair of N -Koszul AS regular
algebras A(e, N) and A(f, N), denoted by OA(e,N),A(f,N)(GL), is defined to be the Hopf
algebra that left coacts on A(e, N) and right coacts on A(f, N) in a balanced fashion satis-
fying the following universal property: for any Hopf algebra K that left coacts on A(e, N)
and right coacts on A(f, N) in a balanced manner, there exists a unique Hopf algebra map
φ : OA(e,N),A(f,N)(GL)→ K such that
(φ⊗ idOA(e,N),A(f,N)(GL)) ◦ ρ
ℓ
O = ρ
ℓ
K and (idOA(e,N),A(f,N)(GL) ⊗ φ) ◦ ρ
r
O = ρ
r
K ,
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where ρℓO and ρ
ℓ
K (resp. ρ
r
O and ρ
r
K) denote the left (resp. right) coactions on A(e, N) (resp.
A(f, N)) of OA(e,N),A(f,N)(GL) and K, respectively.
(b) Similarly, we can define the balanced quantum special linear group associated to a pair of
N -Koszul AS regular algebras A(e, N) and A(f, N) by requiring all the coactions in part (a)
to have trivial homological codeterminant. We denoted it by OA(e,N),A(f,N)(SL).
Theorem 6.18.
(a) The balanced coactions of H(e, f) on A(e, N) and A(f, N) given in Proposition 6.16(a) satisfy
the universal property described by Definition 6.17(a). Therefore, we have the following
equality of universal quantum groups
H(e, f) = OA(e,N),A(f,N)(GL).
(b) The balanced coactions of S(e, f) on A(e, N) and A(f, N) given in Proposition 6.16(b) satisfy
the universal property described by Definition 6.17(b). Therefore, we have the following
equality of universal quantum groups
S(e, f) = OA(e,N),A(f,N)(SL).
Proof. We only verify for part (a); the argument for part (b) is analogous. Let K be a Hopf
algebra that left coacts on A(e, N) and right coacts on A(f, N) via ρℓK(xi) =
∑n
j=1 kij ⊗ xj and
ρrK(yj) =
∑n
i=1 yi ⊗ kij for some kij ∈ K. By Theorem 4.10((a)⇒(e)), there is a unique grouplike
element d ∈ K satisfying ∑n
i1,...,im=1
ei1...im ki1j1 · · · kimjm = ej1···jmd,
for all 1 ≤ j1, . . . , jm ≤ n. Similarly, by Theorem 4.12((a)⇒(e)), there is a unique grouplike element
d′ ∈ K satisfying ∑n
i1,...,im=1
fi1...im kj1i1 · · · kjmim = fj1···jmd
′,
for all 1 ≤ j1, . . . , jm ≤ n. Thus, there is a Hopf algebra map φ : H(e, f) → K via φ(uij) = kij ,
φ(D±1e ) = d
±1 and φ(D±1
f
) = d′∓1. Hence, (φ ⊗ idA(e,N)) ◦ ρ
ℓ
H = ρ
ℓ
K since they are equal on the
generators xi’s of A(e, N). Likewise, we have (idA(f,N) ⊗ φ) ◦ ρ
r
H = ρ
r
K . Finally, the uniqueness of
φ is clear. This proves our result. 
6.3. Bialgebras associated to a pair of preregular forms e and f. In light of Remark 4.13,
we consider the following bialgebra.
Definition 6.19 (OA(e,N),A(f,N)(M)). For a pair of N -Koszul AS regular algebras A(e, N) and
A(f, N), let OA(e,N),A(f,N)(M) be the algebra with generators (zij)1≤i,j≤n satisfying the relations∑n
i1,...,iN ,j1,...,jN=1
eλ1···λm−N i1···iNµj1···jN zi1j1 · · · ziN jN = 0, and∑n
i1,...,iN ,j1,...,jN=1
fλ1···λm−N j1···jNνi1···iN zi1j1 · · · ziN jN = 0,
for all λ1, . . . λm−N ∈ {1, . . . , n}, µ ∈ ∂
m−N (ke∗)⊥ and ν ∈ ∂m−N (kf∗)⊥. Moroever, we have a
bialgebra structure on OA(e,N),A(f,N)(M) by defining ∆(zij) =
∑n
k=1 zik ⊗ zkj and ε(zij) = δij for
all 1 ≤ i, j ≤ n.
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Proposition 6.20. The bialgebra OA(e,N),A(f,N)(M) left coacts on A(e, N) and right coacts on
A(f, N) in a balanced fashion via
ρℓO(xi) =
∑
j=1 zij ⊗ xj and ρ
r
O(yj) =
∑n
i=1 yi ⊗ zij ,
respectively. Moreover, the coactions satisfy the following universal property: for any bialgebra B
that left coacts on A(e, N) and right coacts on A(f, N) in a balanced way, there exists a unique
bialgebra map φ : OA(e,N),A(f,N)(M)→ B such that
(φ⊗ idA(e,N)) ◦ ρ
ℓ
O = ρ
ℓ
B and (idA(f,N) ⊗ φ) ◦ ρ
r
O = ρ
r
B,
where ρℓO and ρ
ℓ
B (resp., ρ
r
O and ρ
r
B) denote the left (resp., right) coactions on A(e, N) (resp., A(f, N))
of OA(e,N),A(f,N) and B, respectively.
Proof. Apply the same proof of Theorem 6.18 by using Remark 4.13. 
According to Remark 4.13 (or Theorem 4.10((b)⇒(e)) and Theorem 4.12((b)⇒(e))), we have
two unique grouplike elements in OA(e,N),A(f,N)(M) given by
g1 :=
1
ej1···jm
∑n
i1,...,im=1
ei1···im zi1j1 · · · zimjm, g2 :=
1
fj1···jm
∑n
i1,...,im=1
fi1···im zj1i1 · · · zjmim ,
for any choice of j1, . . . , jm ∈ {1, . . . , n} satisfying ej1···jm , fj1···jm 6= 0.
Theorem 6.21. We have the following isomorphisms of universal quantum linear groups.
(a) OA(e,N),A(f,N)(GL) ∼= OA(e,N),A(f,N)(M)G
−1, when the multiplicative set G = 〈g1, g2〉 is an
Ore set of OA(e,N),A(f,N)(M).
(b) OA(e,N),A(f,N)(SL) ∼= OA(e,N),A(f,N)(M)/(g1 − 1, g2 − 1).
Proof. We only prove for part (a), and part (b) can be proved in the same fashion. By Theorem 6.18,
we can take OA(e,N),A(f,N)(GL) = H(e, f). We apply Proposition 6.20 to the balanced coac-
tions of H(e, f) on A(e, N) and A(f, N) in Proposition 6.16. Hence there is a bialgebra map
φ : OA(e,N),A(f,N)(M) → H(e, f) via φ(zij) = uij. One checks that φ(g1) = De and φ(g2) = D
−1
f
.
By assumption, φ naturally extends to the localization of OA(e,N),A(f,N)(M) at G, where we still
write φ : OA(e,N),A(f,N)(M)G
−1 → H(e, f). Note that φ has an inverse given by φ−1(uij) = zij
and φ−1(D±1e ) = g
±1
1 , φ
−1(D±1
f
) = g∓12 . Therefore, φ : OA(e,N),A(f,N)(M)G
−1 → H(e, f) is an iso-
morphism of bialgebras. Finally, φ±1 equips OA(e,N),A(f,N)(M)G
−1 with a unique Hopf algebra
structure by Proposition 6.6. 
6.4. Presentations of H(e, f) and S(e, f) via pushouts. In this part, we realize the Hopf algebra
H(e, f) as a pushout in the category of Hopf algebras, by making use of its universal property.
Definition 6.22. Let A,B,C be three Hopf algebras together with Hopf algebra maps f : C → A
and g : C → B. The pushout of A and B along C is a Hopf algebra, denoted by A∐C B, together
with Hopf algebra maps α : A → A ∐C B and β : B → A ∐C B so that αf = βg satisfying the
following condition. For any Hopf algebra D with Hopf algebra maps p : A → D and q : B → D
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with pf = qg, there is a unique Hopf algebra map Ψ : A∐C B → D with p = Ψα and q = Ψβ.
A
α
##❍
❍❍
❍❍
❍❍
❍❍
p
%%
C
f
??⑧⑧⑧⑧⑧⑧⑧⑧
g
❄
❄❄
❄❄
❄❄
❄ A∐C B
Ψ //❴❴❴❴❴❴ D
B
β
;;✈✈✈✈✈✈✈✈✈
q
99
The following result pertains to the existence of pushouts of Hopf algebras.
Proposition 6.23. [1, Theorem 2.2] [22] A pushout of Hopf algebras exists in the category of Hopf
algebras, and it is preserved under the forgetful functor from the category of Hopf algebras to the
category of algebras. 
Let us define a Hopf algebra that will play the role of C in Definition 6.22: the free Hopf algebra
on the n×n matrix coalgebra spanned by (tij)1≤i,j≤n. Take tij =: t
1
ij and consider the Hopf algebra
below.
Definition 6.24 (F). [28] Let F be the Hopf algebra with generators (tℓij)1≤i,j≤n, ℓ≥1 satisfying
the relations 
∑n
k=1 t
ℓ
ikt
ℓ+1
kj =
∑n
k=1 t
ℓ+1
ik t
ℓ
kj = δij , for ℓ odd∑n
k=1 t
ℓ
kjt
ℓ+1
ik =
∑n
k=1 t
ℓ+1
kj t
ℓ
ik = δij , for ℓ even
for all 1 ≤ i, j ≤ n and ℓ ≥ 1, with comultiplication ∆ and counit ε defined by
∆(tℓij) =
{∑n
k=1 t
ℓ
ik ⊗ t
ℓ
kj for ℓ odd∑n
k=1 t
ℓ
kj ⊗ t
ℓ
ik for ℓ even
, ε(tℓij) = δij ,
and with antipode S defined by S(tℓij) = t
ℓ+1
ij for all 1 ≤ i, j ≤ n and ℓ ≥ 1.
The result below is clear.
Lemma 6.25. The Hopf algebra F right coacts universally on V via ρF (vj) =
∑n
i=1 vi ⊗ tij , that
is, for any Hopf algebra K that right coacts on V via ρK , there is a unique Hopf algebra φ : F → K
such that (idV ⊗ φ) ◦ ρF = ρK . 
In the following, we denote by ρe the universal right H(e)-coactions on V and Me described in
Proposition 5.15(a); and by ρf the universal rightH(f)-coaction on V described in Proposition 5.28(c).
Thus by Lemma 6.25, there are two unique Hopf algebra maps f : F → H(e) and g : F → H(f)
satisfying
(idV ⊗ f)ρF = ρe and (idV ⊗ g)ρF = ρf . (6.26)
Moreover, we denote by ρH the universal rightH(e, f)-coactions on V andMe given in Proposition 6.13(d).
Hence by Proposition 5.15(b) and Proposition 5.28(d), there are unique Hopf algebra maps α :
H(e)→H(e, f) and β : H(f)→H(e, f) satisfying
(idV ⊗ α)ρe = ρH and (idV ⊗ β)ρf = ρH, (6.27)
which are explicitly given in Corollary 6.11 as α = φe and β = φf .
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Theorem 6.28. Retain the notation above. We have αf = βg. Moreover, H(e, f) is the pushout
of H(e) and H(f) along F as in the following diagram.
H(e)
α
##❍
❍❍
❍❍
❍❍
❍❍
p
%%
F
f
==⑤⑤⑤⑤⑤⑤⑤⑤
g
!!❇
❇❇
❇❇
❇❇
❇❇
H(e, f)
Ψ //❴❴❴❴❴❴ K
H(f)
β
;;✈✈✈✈✈✈✈✈✈
q
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Proof. By (6.26) and (6.27), we have ρH = (idV ⊗αf)ρF . Similarly, we obtain ρH = (idV ⊗βg)ρF .
Thus the universal property of F implies that αf = βg.
Let K be a Hopf algebra with two Hopf algebra maps p : H(e)→ K and q : H(f)→ K satisfying
pf = qg. Consider the K-coaction on V induced by
(idV ⊗ p)ρe
(6.26)
= (idV ⊗ pf)ρF = (idV ⊗ qg)ρF
(6.26)
= (idV ⊗ q)ρf ,
which we denote by ρK : V → V ⊗K. In view of Proposition 5.15(a) and Proposition 5.28(c), the se-
quence kf∗ 

// V ⊗m
eˆ // Me is a sequence ofK-comodule maps via ρK . By Proposition 6.13(e),
there is a unique Hopf algebra map Ψ : H(e, f) → K such that (idV ⊗ Ψ)ρH = ρK . Hence with
(6.27), we get (idV ⊗ Ψα)ρe = ρK = (idV ⊗ p)ρe. So, p = Ψα by the universal property of H(e).
Similarly, we have q = Ψβ. The uniqueness of Ψ is clear. This proves our result. 
Remark 6.30. Note that Theorem 6.28 both proves the existence of a Hopf algebra with the
universal properties required of H(e, f) and provides a presentation (e.g., generators and relations)
for H(e, f) simply by combining the presentations for H(e) and H(f). This is because, according to
Proposition 6.23, (6.29) is a pushout in the category of algebras as well as that of Hopf algebras.
Parallel to Theorem 6.28, we have maps f ′ : F → S(e), g′ : F → S(f) and α′ : S(e) → S(e, f),
β′ : S(f) → S(e, f) satisfying α′f ′ = β′g′. The following result can be proved in the same manner
as Theorem 6.28 using Remark 5.30.
Theorem 6.31. The following commutative diagram is the pushout of S(e) and S(f) along F .
S(e)
α′ ##●
●●
●●
●●
●●
p′
%%
F
f ′
>>⑤⑤⑤⑤⑤⑤⑤⑤
g′   ❇
❇❇
❇❇
❇❇
❇ S(e, f)
Ψ //❴❴❴❴❴❴ K
S(f)
β′
;;✇✇✇✇✇✇✇✇✇
q′
99 (6.32)

6.5. Properties of S(e), S(f), S(e, f) and H(e, f). Now we study further properties of H(e, f)
and related Hopf algebras. We start by establishing a sufficient condition when the elements De
and D−1
f
are equal in H(e, f), and further, when these elements are central.
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Notation 6.33 (e⊙ f, e ⋆ f). Consider the following scalars:
e⊙ f :=
∑n
i1,...,im=1
ei1···im fi1···im and (e ⋆ f)ij =
∑n
i1,...,im−1=1
eii1···im−1 fi1···im−1j.
It is clear that e⊙ f = f ⊙ e. Moreover, it is easy to check that f ⋆ e = Q−T (e ⋆ f)TP by Lemma 4.7.
Proposition 6.34. Let K be a Hopf algebra that right coacts on V , on Me and on kf
∗ via
ρK(vj) =
∑n
i=1 vi ⊗ xij, ρK(me) = me ⊗ d and ρK(f
∗) = f∗ ⊗ d′, resp., for some (xij)1≤i,j≤n ∈ K
and two grouplike elements d, d′ ∈ K. Then, the following statements hold.
(a) If e⊙ f 6= 0, then d = d′ in K.
(b) X (f ⋆e) d = d′ (f ⋆e)X and X (e⋆ f)T d′−1 = d−1(e⋆ f)T X, where X is the matrix (xij)1≤i,j≤n.
Further, suppose e⊙ f 6= 0.
(c) If V is an inner-faithful K-comodule, and if either f ⋆ e or e ⋆ f is a nonzero scalar multiple
of I, then d = d′ is in the center of K.
Proof. (a) Denote by ι : kf∗ →֒ V ⊗m the natural inclusion, f∗ 7→
∑n
i1,...,im=1
fi1···imvi1 ⊗ · · · ⊗ vim .
Observe that the composition of right K-comodule maps eˆ ◦ ι : kf∗ →֒ V ⊗m → Me is given by
f∗ 7→ (e⊙ f)me. Hence, if e⊙ f 6= 0, we get d
′ = d in K by Schur’s Lemma.
(b) It is straightforward to check that the following composition of K-comodule maps
kf∗ ⊗ V
ι⊗idV // V ⊗(m+1)
idV ⊗eˆ // V ⊗Me,
is induced by (f ⋆ e) such that f∗ ⊗ vi 7→
∑n
j=1(f ⋆ e)ji(vj ⊗me). By using the matrix of coefficients
X, we get the first identity X(f ⋆ e)d = d′(f ⋆ e)X. Indeed,∑n
ℓ=1 vℓ ⊗me ⊗
(∑n
k=1 d
′(f ⋆ e)ℓkxki
)
=
∑n
k,ℓ=1(f ⋆ e)ℓkvℓ ⊗me ⊗ d
′xki
= ((f ⋆ e)⊗ idK)(
∑n
k=1 f
∗ ⊗ vk ⊗ d
′xki) = ((f ⋆ e)⊗ idK)(ρK(f
∗ ⊗ vi))
= ρK((f ⋆ e)(f
∗ ⊗ vi)) = ρK(
∑n
j=1(f ⋆ e)ji(vj ⊗me))
=
∑n
j,ℓ=1(f ⋆ e)jivℓ ⊗me ⊗ xℓjd =
∑n
ℓ=1 vℓ ⊗me ⊗
(∑n
j=1 xℓj(f ⋆ e)jid
)
.
The second identity can be obtained similarly by considering the map from V ⊗ kf∗ to Me ⊗ V .
(c) By part (a), we know d = d′. Moreover, f ⋆e = I or e⋆ f = I implies that Xd = dX by part (b).
So d = d′ commutes with xij ’s. Now by inner-faithfulness, K is generated by X. Thus, d = d
′ is in
the center of K. 
Corollary 6.35. The following statements hold for H(e, f).
(a) If e⊙ f 6= 0, then DeDf = 1.
(b) U (f⋆e)De = D
−1
f
(f⋆e)U and U (e⋆f)T Df = D
−1
e (e⋆f)
T U, where U is the matrix (uij)1≤i,j≤n.
Further, suppose e⊙ f 6= 0.
(c) If either f ⋆ e or e ⋆ f is a nonzero scalar multiple of I, then De = D
−1
f
is in the center of
H(e, f).
Proof. We can apply K = H(e, f) in the result above with d = De and d
′ = D−1
f
according to
Proposition 6.13(d). 
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Now we discuss the cosovereignty property of the quantum special linear groups in this work.
Recall that for any algebra A and coalgebra C, the convolution product in Homk(C,A) is given by
f ∗ g = mA(f ⊗ g)∆C for any f, g ∈ Homk(C,A) with unit uAεC .
Definition 6.36 (cosovereign Hopf algebra, sovereign character). [6, Definition 2.7] An algebra
morphism Φ : H → k is said to be a sovereign character on H if S2 = Φ ∗ Id ∗Φ−1. A cosovereign
Hopf algebra is a Hopf algebra equipped with a sovereign character.
We turn our attention to the cosovereign property being preserved under pushout. The following
lemma is straightforward.
Lemma 6.37. Let H be any Hopf algebra, and Φ : H → k be an algebra map. Then, Φ−1 = Φ ◦S.
Further, suppose S2 = Φ ∗ id ∗ Φ−1 holds for some ais in H. If {ai, S(ai), S
2(ai), . . . } generate
H as an algebra, then S2 = Φ ∗ id ∗Φ−1 for H. 
Proposition 6.38. Let A,B,C be three Hopf algebras with Hopf algebra maps f : C → A and
g : C → B. Let A∐CB be the pushout of A and B along C with Hopf algebra maps α : A→ A∐CB
and β : B → A ∐C B satisfying αf = βg. Suppose A and B are cosovereign with sovereign
characters ΦA : A → k and ΦB : B → k, respectively. If ΦAf = ΦBg, then A ∐C B is cosovereign
with sovereign character Φ : A∐C B → k uniquely determined by ΦA = Φα and ΦB = Φβ.
Proof. In view of Proposition 6.23, A∐C B is also the pushout of A and B along C in the category
of algebras. By its universal property, there is a unique algebra map Φ : A ∐C B → k such that
ΦA = Φα and ΦB = Φβ. It remains to show that Φ is a sovereign character on H(e, f).
For any a ∈ A, we have
S2(α(a)) = α(S2(a)) = α(
∑
(a)ΦA(a1) a2 Φ
−1
A (a3)) =
∑
(a)ΦA(a1)α(a2)ΦA(S(a3))
=
∑
(a) Φ(α(a1))α(a2)Φ(α(S(a3))) =
∑
(a)Φ(α(a1))α(a2) (Φ ◦ S)(α(a3))
= (Φ ∗ id ∗ Φ−1)(α(a)).
Here, we use the fact that α : A→ A∐CB is a Hopf algebra map along with Lemma 6.37. Similarly,
we can show S2 = Φ∗ id∗Φ−1 holds for β(b) for any b ∈ B. Now being a pushout of A and B along
C in the category of algebras implies that A ∐C B is generated by α(A) and β(B) as an algebra.
By Lemma 6.37, S2 = Φ ∗ id ∗ Φ−1 holds for A ∐C B. This proves our result. 
Theorem 6.39. The following universal quantum groups are cosovereign:
(a) S(e) with sovereign character Φe : S(e)→ k given by Φe(A) = P
−1 and Φe(B) = P;
(b) S(f) with sovereign character Φf : S(f)→ k given by Φf(A) = Q
−T and Φf(B) = Q
T ; and
(c) S(e, f) with sovereign character Φ : S(e, f)→ k given by Φ(U) = P−1, when P = QT .
Proof. (a) It follows from the relations (5.2) and (5.3) (with De = 1) and Lemma 4.7 that Φe
extends to an algebra morphism Φe : S(e) → k. By Corollary 5.14 with De = 1, we have that
S2 = ηe in S(e). Hence, one sees that
S2(aij) =
∑n
k,ℓ=1 P
−1
ik akℓ Pℓj =
∑n
k,ℓ=1Φe(aik) akℓΦe(bℓj)
=
∑n
k,ℓ=1Φe(aik) akℓΦe(S(aℓj)) = (Φe ∗ id ∗Φe
−1)(aij),
where we use Lemma 6.37 for the last equality. Again by Lemma 6.37, S(e) is cosovereign. The
argument is analogous for part (b).
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(c) Recall the notation of Section 6.4. The algebra map Φe : S(e) → k of part (a) gives an
algebra map Φef
′ : F → k with tij 7→ P
−1
ij . Similarly, the algebra map Φf : S(f) → k gives rise
to an algebra map Φfg
′ : F → k with tij 7→ Q
−T
ij (note that φ 7→ (φ(tij))1≤i,j≤n yields a bijection
between HomAlg(F ,k) and GLn(k)). Under the hypothesis P = Q
T , we get Φef
′ = Φfg
′. Then, the
result follows from Proposition 6.38 and parts (a) and (b). 
7. Examples of H(e, f) arising in the literature
In this section, we examine several special cases of the Hopf algebra H(e, f) that have appeared
in other articles.
7.1. Mrozinski’s and Dubois-Violette and Launer’s quantum groups. Note that when
m = 2, we get that e, f are bilinear forms identified with matrices E = (eij),F = (fij) ∈ GLn(k),
respectively. Namely, eij = e(vi⊗vj) and fij = f(θi⊗θj) for 1 ≤ i, j ≤ n. Moreover, e˜, f˜ are unique
and correspond to E−1,F−1, respectively. We obtain the following Hopf algebra in this case.
Definition 7.1 (H(E,F)). The Hopf algebra H(E,F) is defined as the Hopf algebra H(e, f) with
m = 2, where the matrices E,F ∈ GLn(k) correspond to the forms e, f. In other words, H(E,F) is
generated by U := (uij)1≤i,j≤n, De
±1, Df
±1 with relations
E−1UTEU = DeI, UFU
TF−1 = Df
−1I, DeDe
−1 = De
−1De = DfDf
−1 = Df
−1Df = 1H,
with ∆(uij) =
∑n
k=1 uik ⊗ ukj, ε(uij) = δij , and S(U) = De
−1E−1UTE = FUTF−1Df .
Now, Mrozinski’s GL(2)-like quantum group G(E,F) ([21], [30, Definition 2.10(b)]) and Dubois-
Violette and Launer’s quantum group B(E) ([15], [30, Definition 2.10(a)]) both arise as Hopf quo-
tients of H(E,F) as follows.
Proposition 7.2. We obtain that
G(E,F) ∼= H(E,F)/(DeDf − 1H) and B(E) ∼= S(E,E
−1),
as Hopf algebras. 
Definition 7.3 (G(e, f)). Generally, we define G(e, f) = H(e, f)/(DeDf − 1) to be the quotient Hopf
algebra of H(e, f) by identifying De with D
−1
f
.
7.2. Artin-Schelter-Tate’s quantum deformation of O(GLn). Artin, Schelter and Tate stud-
ied in [3] a quantum deformation of O(GLn) by considering the universal quantum group coacting
on a pair of skew polynomial rings:
kq[x1, . . . , xn] : = k〈x1, . . . , xn〉/(xjxi − qjixixj) and
kp[y1, . . . , yn] : = k〈y1, . . . , yn〉/(yjyi − pijyiyj).
Here p = (pij) and q = (qji) are multiplicative anti-symmetric matrices in Mn(k
×), that is
pijpji = 1, pii = 1, qjiqij = 1, qii = 1 for i 6= j. (7.4)
It is well-known that these skew polynomial rings are Koszul AS-regular algebras of global dimen-
sion n.
Next, let V =
⊕n
k=1 kyk be the generating space of kp[y1, . . . , yn], and V
∗ =
⊕n
k=1 kxk be
the generating space of kq[x1, . . . , xn] with xk = y
∗
k. Considering Proposition 2.7, we define two
preregular n-linear forms eq : V
⊗n → k and fp : (V
∗)⊗n → k associated with q and p by
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eq(yi1 , . . . , yin) =

∏
j<j′
ij>ij′
(
−qij′ ij
)
if (i1, . . . , in) = (σ(1), . . . , σ(n)) for some σ ∈ Sn
0 otherwise
(7.5)
fp(xi1 , . . . , xin) =

∏
j<j′
ij>ij′
(
−pijij′
)
if (i1, . . . , in) = (σ(1), . . . , σ(n)) for some σ ∈ Sn
0 otherwise.
(7.6)
Lemma 7.7. We have that kq[x1, . . . , xn] ∼= A(eq, 2) and kp[y1, . . . , yn] ∼= A(fp, 2).
Proof. We establish the first isomorphism here; the second one follows from the same argument. We
consider its Koszul dual of kq[x1, . . . , xn], denoted by S =
⊕
i≥0 Si. To avoid confusion, suppose
that the dual space V ∗∗ ∼= V of V ∗ has dual basis {ξ1, ξ2, . . . , ξn}. Hence, S is generated by degree
one elements {ξ1, ξ2, . . . , ξn} with the defining relations
ξ2i = 0, ξjξi = −qijξiξj , for 1 ≤ i, j ≤ n;
see [3, page 881]. It is clear that Si = 0 for i > n and dimSn = 1. Now, Proposition 2.9(e) implies
that kq[x1, . . . , xn] is isomorphic to a superpotential algebra A(s, 2), where s : V
⊗n → k is induced
by the multiplication in S, namely, V ⊗n = S⊗n1 ։ Sn
∼= k. We choose a basis {ξ1ξ2 · · · ξn} of Sn
and we obtain
s(ξi1ξi2 · · · ξin) =

∏
j<j′
ij>ij′
(
−qij′ ij
)
if (i1, · · · , in) = (σ(1), . . . , σ(n)) for some σ ∈ Sn
0 otherwise.
by extracting the coefficient needed to write ξi1ξi2 · · · ξin in terms of ξ1ξ2 · · · ξn. Therefore, we get
s = eq as described in (7.5). 
Hypothesis 7.8 (λ). For the rest of this part, assume that for A(eq, 2) and A(fp, 2) there is a
scalar λ 6= −1 in k so that qji = λpji for all j > i,
Now we examine Hopf algebras that have a balanced coaction on A(eq, 2) and A(fp, 2).
Lemma 7.9. Let H be any Hopf algebra that has a balanced coaction on A(eq, 2) and A(fp, 2) via
xj 7→
∑n
i=1 uji ⊗ xi and yj 7→
∑n
i=1 yi ⊗ uij (7.10)
for some uij ∈ H. Then, the following statements hold.
(a) We obtain the relations of H below
ujβ uiα =

pji pαβ uiα ujβ + (λ− 1) pji uiβ ujα, if j > i, β > α
λpji pαβ ujα ujβ, if j > i, β ≤ α
pαβ uiα ujβ, if j = i, β > α.
(7.11)
(b) The element D defined by the following equality∑n
i1,i2,...,in=1
(eq)i1···in ui11 ui22 · · · uinn =
∑n
i1,i2,...,in=1
(fp)i1···in u1i1 u2i2 · · · unin (7.12)
is a grouplike element in H.
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(c) The homological codeterminant for the left H-coaction on A(eq, 2) is D, and the homological
codeterminant for the right H-coaction on A(fp, 2) is D
−1.
Proof. Part (a) follows from [3, Theorem 1]. The equality in part (b) can be derived from the
relations in part (a) or see [3, Lemma 1]. The fact that D is a grouplike element and part (c) follow
from Theorem 4.10((a)⇒(e)) and Theorem 4.12((a)⇒(e)) noticing that (eq)1···n = (fp)1···n = 1. 
Proposition 7.13. [3] The following statements hold for the bialgebra OA(eq,2),A(fp,2)(M) =: B
associated to A(eq, 2) and A(fp, 2).
(a) B has generators (uij)1≤i,j≤n defined by the relations (7.11) with ∆(uij) =
∑n
k=1 uik ⊗ ukj
and ε(uij) = δij .
(b) B is a right and left Noetherian domain and Koszul Artin-Schelter regular of dimension n2.
(c) The element D defined in (7.12) is a regular normal element of B. Hence, the multiplicative
set 〈D〉 is an Ore set of B.
Proof. By [3, Theorem 2], B is a well-defined. Hence part (a) follows from the universal property
of OA(eq,2),A(fp,2)(M) stated in Proposition 6.20 and Lemma 7.9(a). Part (b) is also follows from
[3, Theorem 2] and part (c) follows from [3, Theorem 3]. 
Next, we recall the presentation of Artin-Schelter-Tate’s quantum group defined in [3].
Definition 7.14 (Op,λ(GLn)). [3, Theorem 3] Take Op,λ(GLn) to be the Hopf algebra generated
by U := (uij)1≤i,j≤n and grouplike elements D
±1 satisfying the relations of Lemma 7.9(a,b), with
∆(uij) =
∑n
k=1 uik ⊗ ukj and ε(uij) = δij and with antipode given by
S(ujk) =
∏n
m=k+1 (−qkm)∏n
m=j+1 (−qjm)
D−1
(∑
f∈[jˆ,kˆ] σ(p, f)
∏
i∈jˆ ui,f(i)
)
=
∏j−1
m=1 (−pjm)∏k−1
m=1 (−pkm)
(∑
g∈[kˆ,jˆ] σ(q
−1, g)
∏
i∈kˆ
ug(i),i
)
D−1,
where ℓˆ := {1, 2, . . . , n} \ {ℓ}, and [ℓˆ, ℓˆ′] denotes the set of bijections from ℓˆ to ℓˆ′, and
σ(r, h) :=
∏
j<j′,h(j)>h(j′)(−rh(j),h(j′)) for r = p, q and h = f, g.
Finally, we present the main result of this section.
Proposition 7.15. Let eq and fp be two preregular n-linear forms defined in (7.5) and (7.6).
Under Hypothesis 7.8, we have the following isomorphisms of universal quantum groups
Op,λ(GLn) ∼= OA(eq,2),A(fp,2)(M)D
−1 ∼= Okq[x1,...,xn],kp[y1,...,yn](GL)
∼= H(eq, fp) ∼= G(eq, fp).
Proof. The first isomorphism follows from Proposition 7.13(a) and Definition 7.14. By Proposition 7.13(c),
the multiplicative set 〈D〉 is an Ore set of OA(eq,2),A(fp,2)(M). Hence the second isomorphism is
obtained by Theorem 6.21(a) and Lemma 7.7. The third isomorphism is Theorem 6.18(a). The
last isomorphism follows from Lemma 7.9(b). 
7.3. Takeuchi’s two-parameter quantum deformation of O(GLn). Takeuchi in [29] con-
structed a two-parameter quantum deformation Op,q(GLn) of O(GLn) depending on two units
p, q ∈ k. As pointed out in [3], this family can be obtained as a special case of the Hopf alge-
bras Op,λ(GLn) discussed in the previous section. To define Op,q(GLn), define two multiplicatively
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anti-symmetric n× n-matrices p = (pij) and q = (qji) according to (7.4) such that
pij = p and qji = q for all j > i.
We also define two skew polynomial rings
kq[x1, . . . , xn] : = k〈x1, . . . , xn〉/(xjxi − qxixj , j > i) and
kp[y1, . . . , yn] : = k〈y1, . . . , yn〉/(yjyi − pyiyj, j > i).
Next, let V =
⊕n
k=1 kyk be the generating space of kp[y1, . . . , yn], and V
∗ =
⊕n
k=1 kxk be the
generating space of kq[x1, . . . , xn] with xk = y
∗
k. Following (7.5) and (7.6), the two preregular
n-linear forms eq : V
⊗n → k and fp : V
∗⊗n → k associated with q and p are given by
eq(yi1 , · · · , yin) =
{
(−q)−ℓ(σ) if (i1, · · · , in) = (σ(1), · · · , σ(n)) for some σ ∈ Sn
0 otherwise
(7.16)
fp(xi1 , · · · , xin) =
{
(−p)−ℓ(σ) if (i1, · · · , in) = (σ(1), · · · , σ(n)) for some σ ∈ Sn
0 otherwise,
(7.17)
where ℓ(σ) denotes the number of inversions for a permutation σ ∈ Sn. We obtain from Lemma 7.7
that kq[x1, . . . , xn] ∼= A(eq, 2) and kp[y1, . . . , yn] ∼= A(fp, 2).
Now we examine Hopf algebras that have a balanced coaction on A(eq, 2) and A(fp, 2). The
result below follows from Lemma 7.9.
Lemma 7.18. Let H be any Hopf algebra that left coacts on A(eq, 2) and right coacts on A(fp, 2)
via xj 7→
∑n
i=1 uji ⊗ xi and yj 7→
∑n
i=1 yi ⊗ uij for some uij ∈ H. If pq 6= −1, then we have the
following relations in H
ujβ uiα =

uiα ujβ + (q − p
−1)uiβ ujα, if j > i, β > α
q ujα ujβ, if j > i, β = α
qp−1 ujα ujβ, if j > i, β < α
puiα ujβ, if j = i, β > α.
Moreover, the element
D :=
∑
σ∈Sn
(−q)−ℓ(σ)uσ(1)1uσ(2)2 · · · uσ(n)n =
∑
σ∈Sn
(−p)−ℓ(σ)u1σ(1)u2σ(2) · · · unσ(n)
is a grouplike element in H. Further, the homological codeterminant for the left H-coaction on
A(eq, 2) is given by D and the homological codeterminant for the right H-coaction on A(fp, 2) is
given by D−1. 
Next, we recall the presentation of the quantum group defined by Takeuchi in [3].
Definition 7.19 (Op,q(GLn)). [29] Take units p, q ∈ k. Let Op,q(GLn) to be the Hopf algebra
generated by U := (uij)1≤i,j≤n and grouplike elements D
±1 satisfying the relations in Lemma 7.18,
with ∆(uij) =
∑n
k=1 uik ⊗ ukj, ε(uij) = δij and with antipode given by
S(uij) = (−q)
j−iD−1 |Uji| = (−p)
j−i |Uji|D
−1,
where |Uji| denotes the quantum determinant of the (n− 1)× (n− 1) minor obtained by removing
the j-th row and the i-th column.
By Proposition 7.15, we obtain the result below.
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Proposition 7.20. Let p, q be two units in k such that pq 6= −1. Suppose eq and fp are the two
preregular n-linear forms defined in (7.16) and (7.17). Then, we have the following isomorphisms
of universal quantum groups.
Op,q(GLn) ∼= OA(eq ,2),A(fp,2)(M)D
−1 ∼= Okq[x1,...,xn],kp[y1,...,yn](GL)
∼= H(eq, fp) ∼= G(eq , fp).

Remark 7.21. In particular, when q = 1, the associated preregular form e := e1 : V
⊗n → k is
exactly the “signature form” ε ∈ V ∗⊗n given in [7, Section 7.1]. Here, εi1···in = 0 if two indices are
equal, and εi1···in is the signature of the corresponding permutation otherwise. The same is true
for f1 : V
∗⊗n → k. So, by Proposition 7.20, we get the isomorphisms of Hopf algebras below
O(GLn) ∼= OA(ε,2),A(ε,2)(M)D
−1 ∼= Ok[x1,...,xn],k[y1,...,yn](GL)
∼= H(ε, ε) ∼= G(ε, ε).
8. New quantum groups coacting on higher dimensional AS-regular algebras
Using our construction of the universal quantum group H(e, f) from Section 6, we provide new
examples of Hopf algebras that coact universally on a pair of N -Koszul Artin-Schelter regular
algebras of global dimensions 3 and 4. Here, we take k to be a field of characteristic 0.
8.1. On 3-dimensional Sklyanin algebras. In [25], Sklyanin considered certain graded algebras
(now called 4-dimensional Sklyanin algebras) arising from the study of Yang-Baxter matrices and
the related Quantum Inverse Scattering Method. We consider the 3-dimensional version of these
algebras here, and postpone the study of 4-dimensional Sklyanin algebras for the next section.
Definition 8.1 (Skl3(a, b, c)). [2, 4] The 3-dimensional Sklyanin algebras, denoted by Skl3(a, b, c),
are the graded algebras generated by variables x, y, z of degree one, subject to relations
ayz + bzy + cx2 = azx+ bxz + cy2 = axy + byx+ cz2 = 0 (8.2)
for [a : b : c] ∈ P2 with abc 6= 0 and (3abc)3 6= (a3 + b3 + c3)3.
The algebras Skly3(a, b, c) are Koszul and AS-regular of global dimension 3 by [2, 4], and a result
of J. Zhang [26, Theorem 5.11]. Let V = kx ⊕ ky ⊕ kz be the generating space of Skly3(a, b, c)
with dual space V ∗ spanned by the dual basis {x∗, y∗, z∗}. Recall the notation of Example 2.6. By
Example 2.6(b), we have the isomorphism of algebras
Skly3(a, b, c) ∼= A(sabc, 2).
Now we have that the universal quantum group that has a balanced coaction on a pair of
3-dimensional Sklyanin algebras Skly3(a
′, b′, c′) and Skly3(a, b, c) is understood by the following
proposition; this holds by Theorem 6.18.
Proposition 8.3. We have OSkly3(a′,b′,c′),Skly3(a,b,c)(GL)
∼= H(sa′b′c′ , sabc) as Hopf algebras. 
8.2. On 4-dimensional Sklyanin algebras. Here, we study the universal quantum group that
has balanced coaction on a pair of 4-dimensional Sklyanin algebras. We follow the notation of [27].
Definition 8.4 (Skly4(α, β, γ)). Let α, β, γ ∈ k satisfy α+ β + γ + αβγ = 0, or equivalently
(1 + α)(1 + β)(1 + γ) = (1− α)(1 − β)(1− γ).
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The 4-dimensional Sklyanin algebras Skly4(α, β, γ) are the graded algebras generated by variables
x0, x1, x2, x3 of degree one, subject to relations fi = 0, where
f1 := x0x1 − x1x0 − α(x2x3 + x3x2), f2 := x0x1 + x1x0 − (x2x3 − x3x2),
f3 := x0x2 − x2x0 − β(x3x1 + x1x3), f4 := x0x2 + x2x0 − (x3x1 − x1x3),
f5 := x0x3 − x3x0 − γ(x1x2 + x2x1), f6 := x0x3 + x3x0 − (x1x2 − x2x1).
By [27, Theorem 0.3], Skly4(α, β, γ) is Koszul AS-regular of global dimension 4 if (α, β, γ) is not
equal to (−1,+1, γ), (α,−1,+1) or (+1, β,−1). In the following, we always assume (α, β, γ) is not
equal to these exceptional triples.
Take V =
⊕3
i=0 kxi to be the generating space of Skly4(α, β, γ) with V
∗ =
⊕3
i=0 kξi. We define
the preregular 4-linear form sαβγ : V
∗⊗4 → k by the following values:
(i0, i1, i2, i3) sαβγ(ξi0 , ξi1 , ξi2 , ξi3) (i0, i1, i2, i3) sαβγ(ξi0 , ξi1 , ξi2 , ξi3)
(0, 1, 0, 1) 1 (1, 0, 1, 0) −1
(0, 2, 0, 2) (1 − α)/(1 + β) (2, 0, 2, 0) (α − 1)/(1 + β)
(0, 3, 0, 3) (1 + α)/(1− γ) (3, 0, 3, 0) (1 + α)/(γ − 1)
(1, 2, 1, 2) γ(1 + α)/(1 − γ) (2, 1, 2, 1) γ(1 + α)/(γ − 1)
(1, 3, 1, 3) β(α − 1)/(1 + β) (3, 1, 3, 1) β(1 − α)/(1 + β)
(2, 3, 2, 3) α (3, 2, 3, 2) −α
(0, 1, 2, 3), (2, 3, 0, 1) −(1 + α)/2 (1, 2, 3, 0), (3, 0, 1, 2) (1 + α)/2
(0, 1, 3, 2), (3, 2, 0, 1) (1 − α)/2 (1, 3, 2, 0), (2, 0, 1, 3) (α − 1)/2
(0, 2, 1, 3), (1, 3, 0, 2) (1 − β)(1 − α)/(2 + 2β) (2, 1, 3, 0), (3, 0, 2, 1) (β − 1)(1 − α)/(2 + 2β)
(0, 2, 3, 1), (3, 1, 0, 2) (α − 1)/2 (2, 3, 1, 0), (1, 0, 2, 3) (1 − α)/2
(0, 3, 1, 2), (1, 2, 0, 3) (1 + γ)(1 + α)/(2γ − 2) (3, 1, 2, 0), (2, 0, 3, 1) (1 + γ)(1 + α)/(2− 2γ)
(0, 3, 2, 1), (2, 1, 0, 3) (1 + α)/2 (3, 2, 1, 0), (1, 0, 3, 2) −(1 + α)/2
otherwise 0
Lemma 8.5. We obtain that Skly4(α, β, γ) is isomorphic to the superpotential algebra A(sαβγ , 2),
as algebras. (Here, we abuse notation and let sαβγ denote both the preregular form and the corre-
sponding twisted superpotential.)
Proof. We use the same argument as in the proof of Lemma 7.7. According to [27, Section 4.4],
the Koszul dual S! of the Sklyanin algebra S := Skly4(α, β, γ) is generated by {ξ0, ξ1, ξ2, ξ3} with
defining relations
2ξ2ξ3 + (α+ 1)ξ0ξ1 − (α− 1)ξ1ξ0 = 0, 2ξ3ξ2 + (α− 1)ξ0ξ1 − (α+ 1)ξ1ξ0 = 0,
2ξ3ξ1 + (β + 1)ξ0ξ2 − (β − 1)ξ2ξ0 = 0, 2ξ1ξ3 + (β − 1)ξ0ξ2 − (β + 1)ξ2ξ0 = 0,
2ξ1ξ2 + (γ + 1)ξ0ξ3 − (γ − 1)ξ3ξ0 = 0, 2ξ2ξ1 + (γ − 1)ξ0ξ3 − (γ + 1)ξ3ξ0 = 0,
ξ20 = ξ
2
1 = ξ
2
2 = ξ
2
3 = 0.
Moreover, by [27, Proposition 4.5], S!n = 0 for n ≥ 5 and S
!
4 is spanned by ξ0ξ1ξ0ξ1.
By Proposition 2.7, Skly4(α, β, γ) ∼= A(s, 2) for some twisted superpotential s. In order to verify
s = sαβγ : V
∗⊗4 = S⊗41 ։ S4
∼= k, we apply the identities in the proof of [27, Proposition 4.5]
ξ0ξjξ0ξj = −ξjξ0ξjξ0 for 1 ≤ j ≤ 3, ξ0ξiξ0ξj = 0 for i 6= j,
ξ0ξ3ξ0ξ3 =
1 + α
1− γ
ξ0ξ1ξ0ξ1, ξ0ξ2ξ0ξ2 =
1− α
1 + β
ξ0ξ1ξ0ξ1.
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It is straightforward to see that we can write every ξi0ξi1ξi2ξi3 for 0 ≤ i0, i1, i2, i3 ≤ 3 as a scalar
multiple of ξ0ξ1ξ0ξ1 with the coefficient being the image of sαβγ . This completes the proof. 
Now, the following proposition follows from Theorem 6.18 and Lemma 8.5.
Proposition 8.6. We have that OSkly4(α′,β′,γ′),Skly4(α,β,γ)(GL)
∼= H(sα′β′γ′ , sαβγ) as Hopf algebras.

8.3. On Yang-Mills algebras. Throughout the section, k = R and s ∈ Z≥1. In [10], Connes and
Dubois-Violette examined a cubic algebra generated by the covariant derivatives of a generic Yang-
Mills connection over the (s+ 1)-dimensional pseudo-Euclidean space, which is given as follows.
Definition 8.7 (YM(G)). Let G = (gij)0≤i,j≤s be an invertible real symmetric matrix. The
Yang-Mills algebra YM(G) is generated by x0, x1, . . . , xs in degree one with (s+1) cubic relations∑s
i,j=0 gij [xi, [xj , xk]] = 0,
for all k ∈ {0, . . . , s}.
It is shown in [10, Theorem 1] that the Yang-Mills algebra is 3-Koszul and AS-regular of global
dimension 3. Moreover, the relations of YM(G) can be rewritten as∑s
j,k,l=0 (gijgkl + gilgjk − 2gikgjl)xjxkxl = 0, (8.8)
for all i ∈ {0, · · · , s}. We define the associated multilinear form g : (Rs+1)⊗4 → R such that
gijkl = gijgkl + gilgjk − 2gikgjl (8.9)
for i, j, k, l ∈ {0, · · · , s}. The following lemma is straightforward.
Lemma 8.10. For any invertible real symmetric matrix G, the Yang-Mills algebra YM(G) and
the superpotential algebra A(g, 3) are isomorphic. 
Now the Yang-Mills quantum group can be understood by the result below, which follows from
Theorem 6.18.
Proposition 8.11. We have OYM(G′),YM(G)(GL) ∼= H(g
′, g) as Hopf algebras. 
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